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Exercise 1 (A free electron cannot absorb a photon). In this problem, you will show that a free electron
cannot absorb a photon and conserve both energy and momentum (hence, the photoelectric effect requires
a bound electron).

Hint: Nothing is lost by working in the electron’s rest frame, since the electron is massive and a process
forbidden in one inertial frame is forbidden in all. In that frame the electron starts at rest while the photon
has momentum p and energy E, = pc;recall E, = /p?c? + m?c* for an electron of momentum p and
mass m.

a) Using momentum conservation, find the momentum and the energy of the electron just after it absorbs
the photon.

b) Now impose energy conservation (initial energy of the system equals final energy). Show that the
two requirements can hold simultaneously only if p = 0, i.e. only if there was no photon at all, so a
free electron cannot absorb a photon.

In the electron rest frame, only the photon has initial momentum p;. Since the photon is absorbed, the
final momentum is only the electron’s; call it py. momentum conservation says p; = py = p. The initial
energy is the sum of the photon energy and the electron energy. Since the electron is at rest, its energy is just
E. = m; on the other hand, the photon energy is £, = p, since the photon is massless. Thus, £; = m + p.
The final energy is only the electron’s, which is £y = /m? + p2. Energy conservation equates E; = E,
so we get

m+p = m
Squaring both sides of this equation, we find
2mp = 0,
so p = 0. This means there was no photon to begin with!

Exercise 2 (Bohr Radius). Let a be an estimate of the size of the hydrogen atom, so that the electron is
confined to a distance of order a.

a) Write down an expression for the momentum of the electron (order of magnitude estimate is fine).

b) Supposing the orbit is circular, determine the centrifugal force on the electron.
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c) Equate this to the electrostatic force on the electron due to the proton, and solve for a to obtain

h2

a=—
me?’

which is the Bohr radius.

a) We use the uncertainty relation 0,0, ~ % and o ~ a to see thato, ~ p ~ h/a.

b) The centrifugal force of a mass m with momentum p in a circular orbit of radius a is p?/ma, so the
force is 72/ ma?.

c) The electrostatic force is given by Coulomb’s law,

e
Setting this equal to #2/ma?> and solving for a we get
hz
a=—
me?
as desired.

Exercise 3. Show that if £ < V(x) for all x, then ¥ (x) = 0.

We check
E =(H)
2

= (1= + V()
- Lo+
m

= {pylpv) + (V).
m

The first term is nonnegative, because it is proportional to [ |p|*dx. On the other hand, the second term
cannot be less than the minimum value of V' (x), which means neither can E.

Exercise 4. Suppose a free particle moves not on the x-axis but on a circle of radius R.
a) Find the stationary states and the allowed energies.

b) You should have found in (a) that there are degenerate states (i.e. linearly independent stationary
states with the same energy). How is that consistent with the result of Exercise 2 of the Week 4
discussion section worksheet?



a)

b)

We need to solve the TISE with the periodic boundary conditions ¥ (0) = ¥ (27 R). Set 2nR = L.
Then the free particle TISE is just

h2
"
——vy" = Evy,
m? v
which has solutions
Y (x) = Ae'** 4 Be ik,
Enforcing the periodic boundary conditions, we find
A+ B = Ae'ft 4 Be kL,
Similarly, the equation for the first derivative gives
A— B = Ae'Ft — BeTikL,

Adding these two equations together, we see that

so that k = 2nm/L. Unlike in the case of the free particle on the real line, these solutions are
normalizable. Indeed, we see that we get two linearly independent solutions given by "right-moving"
waves

1 2inwx/L
X) = —=e
Vi (x) N

and "left-moving" waves

1 .
e 2m7rx/L.

Y-(x) =

2

In order to use the result of the cited exercise, we need to check that ¥_(x) = ¥4 (x) = 0 for some
value of x, i.e. we need to check that

elax — e—lax — O

for some x. But exponentials are never 0, so this is impossible. Hence, there is no contradiction.

Exercise 5. Let f(x) be an arbitrary function of position x and g(p) be an arbitrary function of momentum
p. Evaluate the commutators [p, f(x)] and [x, g(p)].
Hint: To compute the second commutator, you will want to first show that x = ifd /dp.

We write p = —ihd /dx and use a test function ¥ (x). Thus, we compute

[P, O (x) = p(f¥)— fpy =v¥pf + fp¥ — fpy =¥pf



Dropping, the test function ¥, we see

[p. )] = pf(x) =—itf".

To see that x = ihd /dp, we make the following observation. As before, we want to test

[x, ple(p) = ihp(p).

Now, notice that if we start with [p, x]¢(x), plug in p = —i#d /dx, and replace p < x, we get

[—ihd /dx, x]p(x) = —ihe(x) < [—ihd /dp, ple(p) = —ihe(p).

Since we know [x, p] = ih, not —i i, we deduce that x = iAd /dp. Now, we have

[x,g(PIY = x(g(p)¥) —g(p)xy = xg(p)y,

where we use the product rule for the first term x(g(p)¥). As before, we drop the test function and use
x = ihd/dp to see

[x.g(p)] = xg(p) = ihg'(p).

Exercise 6. A particle of mass m sits in the ground state of an infinite square well with walls at x = 0 and
x = a. Att = 0 the right wall is yanked instantaneously out to x = 3a. Because the move is instantaneous,
the wave function has no time to change: an instant later it is still the old ground state,

TX

U(x,0) = \/g sin (—) (0 <x <a), U(x,00)=0 (a<x<3a),

a

but the stationary states are now those of the wider well, y,(x) = /2/3a sin(nmwx/3a), with energies
E™ = n?72h?/18ma®. An energy measurement is then made.

a) What is the probability of finding the particle in the ground state of the new well?
b) What is the probability of finding it in the first excited state of the new well?

c) Suppose instead the particle had started in the first excited state of the old well. What is the probability
of finding it in the first excited state of the new well?

d) Which new state is the single most likely outcome, and what is its energy? Comment on the result.

0./3 2 943
a) Forn = l,f(f sin(3) sin(%5) dx = %foa[cos 2;’—ax—cos “;’—ax] dx = l‘é;a,so c1 = a\/§. 1\2;61 _
9
— and
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b) Forn =2, foa sin(zg—ax) sin(%F) dx = Tog 02T 5 and
P ik 0.328
S

c) Now the initial state is y/2/a sin(2wx/a) and we want n = 2 of the new well:

2
a3

C =

a
/ sin (zf—ax) sin (2’;—)‘) dx =
0

- P =
167 25672

9 81
~ 0.032.

d) The new n = 3 state y3 = +/2/3a sin(;wx/a) is identical in shape to the old ground state on [0, a],

SO Cc3 = [Oa V2/3a \/2/a sin*(nx/a)dx = 1/+/3 and P; = 1/3, the largest single probability. Its
energy is EX = 972h2/18ma® = n?h*/2ma* = E{": the most likely outcome has exactly the

original energy.
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Exercise 7. A particle of mass m is in the harmonic oscillator potential V(x) = %ma) x“.

a) Show that (x) = 0 in all stationary states ¥/,,.

b) Show that x2y = 51— (WO + ﬁlﬁz), and find (x?) in the ground state.

2mw

¢) Find (x*) in the ground state, and show that it equals 3 (x2)°.

d) Find (V') and the standard deviation oy in the ground state.

a) Xy, = 4/ %(«/ﬂ + 1Y, + ﬁlﬁn_l) is a combination of ¥, and v,_;, both orthogonal to
Vn. Hence (x) = [y, XY, dx = 0. (Equivalently, ||? is even around the origin, so the odd

integrand x|, |* integrates to zero.)

b) Expand (a4 + a-)* = a3 + d4a— + a—a4 + a2 and act on V. Since a—_yo = 0, the @2 and aa—
terms (rightmost operator @_ hits 1) vanish. The survivors are

G_G o = G-V = Vo,

50 (44 + a-)*Yo = Yo + V2 and

aiyo =asyn = V2,

. h
leﬁ() = %(wo + \/Elﬁz)

Then (x2) = [ Yo £2Yodx = 52—(1 4 0) =

(the v, piece is orthogonal to ).



2

c) Because %2 is multiplication by the real function x2, one factor moves onto each copy of V:

(x*) :/ 1/f3‘)%41p0dx=/ (fczwo)*(fczwo)dxzf |290|” dx,

valid for any ¥ (the reality of v is not needed here, only that x? is a real multiplier). From (b),

220 = %(WO + /2 ,), which is real, so the modulus-squared is an ordinary square and

0= (g) [t vawrar = (50) 042 =)

2mo

using orthonormality ([ v¢ = [y3 = 1, [Yoy2 = 0). Since (x?) = h/2mow, this is (x*) =
3 (xz)z, the Gaussian fourth-moment relation, as expected for the Gaussian ¥y. (The same step fails
for p*, which differentiates rather than multiplies.)

hw | (half of Ey, the virial result). For the spread,

d) The meanis (V) =

. 1
2mw 4

h \2 3h’w?
(V2) = imza)“ (x4) _ lm2w4-3( ) _ w

4 2mw 16 °
SO
3h2w?  hPw? hPw? hw
2 _ (V2 (V)2 = — = , = |
oy = (V7)) = (V) T T 3 oy Wi

(So oy / (V) = +/2: the spread in V exceeds its own mean.)



