Week 5 Worksheet Solutions
Symmetries!
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September 30, 2024

Exercise 1. In this problem, you will construct the 2 x 2 matrix corresponding to a finite rotation which
places the Z axis along an arbitrary direction 7.

a) A rotation can be specified by the Euler angles («, B, y), or by (6, ¢). The Euler angles represent
first a rotation about Z by an angle «, then a rotation about the new y-axis by an angle f, and then a
rotation about the new z-axis again. Convince yourself that this works.

b) Now, suppose given a rotation specified by the Euler angles («, 8,y). This is given in quantum
mechanics by the matrix

o1V Szr/h g =iBSulh y—iaS: [k
where the u-axis is the new y-axis after rotating about z, and the z’-axis is the new z-axis after
rotating about Z and 7. Show that this is the same matrix as

o i0Sz/h ,=iBSy /h ,~iyS:z/h
Hint: Denoting a rotation about the axis r by an angle ¢ as R, ({), we have that S, = R, (@)S, R, (—a) =
e iasS:/h Sye’“SZ/h. Now, try to write a similar expression for R,/ (y) = e ?¥5=//

c) Use part (b) with S; = %0,- to calculate the rotation matrix corresponding to placing the Z axis along
7, where 7 is specified by the two angles (6, ¢).
Hints: The idea is to Taylor expand each exponential. Think about a simple expression for o;”, where
o; 1s the Pauli matrix you need. Finally, one of the results you should get along the way is

e Bov/2 = cos(B/2)1 — iy sin(B/2).

d) Griffiths 6.32(f). Calculate the matrix corresponding to a rotation by 7 about X.

e) Griffiths 6.32(g). Calculate the matrix corresponding to a 27 rotation about z. Comment on the
answer.

a) Convinced!



b)

c)
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We have S, = R;(«)SyR;(—«) and S;» = R, (B)S; Ry, (—p). First of all, note that
Ry(B) =exp(—iPR:(2)Sy Rz (—a))

=5 CP R (@), o)

n!

Now, observe that (R;(«)Sy R;(—a))" = R, (x)S," R;(—«a). Thus,

© (_iBS.)"
Ru() =Re(@) Y TP g ()
n=0 '

=R.(a)e PSR, (—)
=R:(0)R)(B)R:(—).

Likewise,

R (V) = Ry (:B)Rz (V)Ru (_:B)

Putting everything together, we find
Rz (V) Ru(B)Rz(0) = Rz () Ry (B)Rz(y).

We actually only need two Euler angles to achieve this, & and 8, with 6 =  and ¢ = «. So we get

e—i(paz/Ze—iG(ry/Z‘

We work one term at a time. The first term is easy since o, is diagonal (recall [or immediately prove!]
that for a diagonal matrix D = (d;, ..., d,), e? = (e, ..., e%)), so

p~i90z/2 _ e7i/2 0
- 0 ele/2 |-

e199v/2 = 1 cos(0/2) — ioy sin(0/2).

For the second term, we get

If you don’t see this right away, try to write out the power series expansion, remembering that 0y2 = 1.
Explicitly, we have

0o N 2) 00 N 2k+1
—ifoy/2 _ le) L]l + (19) ;
¢ ;}( 2 ) ) kz:(:) 2 Qk + 1)1

Now, (—i)% = (—1)7, while (—i)?**1 = —i(—1)*. Hence, the first term can be recognized as the
power series expansion for cos(6/2), and the second as the power series expansion for —i sin(6/2).
Putting it all together, we find

e—i(paZ/Ze—ieay/Z — e—.i(p/2 COS(9/2) _e.—i(p/2 Sln(e/z) )
e'?/2s5in(6/2)  e'%/?2cos(8/2)
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d) This is just e*7°x/2_ Notice that 0,2 = 1, so that e 7"°x/2 = cos(r/2)1 — i sin(n/2)ox = —i0y.

e) Thisis e = —1. Thus, a 27 rotation about 2 of a spin 1/2 particle returns negative the particle
state! This is a purely quantum mechanical phenomenon (and can be measured in practice).

Exercise 2. Another symmetry is called dilation symmetry. Dilations are given by the transformation

x — X' = e°x, where ¢ € R. Call its generator D, so that e~ is the corresponding unitary operator.

a) Show that the infinitesimal transformation

eza~peche—za~pe—ch

is givenby 1 + ca- [D, p].
b) Calculate [D, p|.

This problem will be on the midterm review, so solutions will be posted along with solutions to the
midterm review problems.



