Week 11 Worksheet Solutions
The Einstein Equation and Linearized Gravity

Jacob Erlikhman
April 14, 2025

Exercise 1. Linearized Gravity. In this exercise, you will carefully work through the derivation of lin-
earized gravity. Recall that in this regime, we suppose the metric has the form

8ij = Nij + Vij,

where 7;; is the Minkowski metric and y;; is a small perturbation. Linearized gravity means we ignore all
contributions to relevant quantities that are of order y2. By convention, raising and lowering of indices is
done with 7 instead of with g.

a) Check that the inverse metric is
gl = gl — i,
b) The Christoffel symbols and Ricci tensor are

1
Iy =28 (dign + 05gi — d1gi7)
R;; =3kﬂ§ — 0, % + Fi?['lkl - ﬂfféi,

where e.g. I'* k= Dk 1’]’2 is the contraction. Compute the Christoffel symbols in linearized gravity,
and show that the Ricci tensor to first order in y is

1
Rl?}) =5 (8’&)/;1 + 3"y — *yij — 0 8,~y> ;

where y = y*; is the trace of y and 3> = 9'9; is the d’ Alembertian.
Hint: Argue immediately that the I'? terms in R;; are 0, without doing any computations with them!

c) The Einstein tensor to first order in y is

1
(1) _ p) 1
G =R —En,jRU,
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a)
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where R = R!; is the Ricci scalar. Define

_ 1
Yij = Yij — 5771']')/,

and substitute this into the Einstein tensor to find
@ _ Lo - Ia - Lo 1 ke
Gij =3 (3 ;i1 + 0 3:%'1) - 53 Vi — Erlija 0" V.-
Hints: Show first that
0"0;yir + 80y = 9'9; 7 + 9971 + 0:0;.
Next, show that
g ¥yt = g 70 + 5.
General relativity has gauge transformations, similar to gauge transformations in electromagnetism.
Recall that the 4-potential A has a gauge freedom
Ay — Ay + 0,4
defined by scalar fields A. Linearized gravity has a gauge freedom
Yii = Vij + 0iv; + 0;v;
defined by vector fields v = v’9;. Show that under a gauge transformation defined by v
3 yi; — 89 + 9%v;.
Thus, by solving
v = -0’7
for v;, we are free to set
3y, = 0.
This is called Lorenz gauge.
Show that in the Lorenz gauge, the linearized Einstein equation
G = 8nT;
becomes
0%y = —167T};.

The cross terms cancel, 7/ 9 = 8,’;, and we can ignore the term quadratic in y.
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We can ignore the terms with two factors of I” since I is linear in y; hence, I"? is quadratic in y and
can be ignored. Thus, we compute

1
Rf}) = Eﬂkl (0k0;yj1 + 0k djyir — Ok dryij — 0; 0k yji — 0:0;vks + 9;1Vkj) -

Now, notice that the first and fourth terms cancel, which gives the result after raising the appropriate
indices with n*.

Again, we compute
1 1
Gy = 5 (alaj%'l — Oy — 00y + 3ial)/lj) = i (2313%1 — 232)/) .

We check the first formula in the hint by a straightforward calculation, noticing that 77,-1818]-)/ =
nj10'9;y = 9;0;y. Similarly, we check the second formula in the hint by noting that

_ 1 _ 1
ni; 'y = 130" 0% prs + Enijnklalaky = 1:;0' 0" s + 5771';32)/-
Thus, the first, third, and fourth terms of Gl.(jl) combine by the first formula in the hint. By the second

formula we just derived, the second and last terms combine if we add in the extra factor of 9%y just
derived. This gives the result.

We compute
. . 1 . . ) 1 | ,
8’y,~j = ny,-j — 58,)/ — ny,-j + alail)j +0 Vi — Eaiajvf - Eaiajvj.
The last two terms are the same, and they exactly cancel the second term. This gives the result.

The only term in Gl.(jl) that isn’t of the form 9/ y;; is the 9%y;; term.

Exercise 2. The Newtonian Limit. Assume that 7 = pd; ® d,, i.e.

T/w = /O(al),u(at)w

where 9, is the vector field in the time direction of our coordinate system. Assume this coordinate system
to be global. Further assume that time derivatives of y,, are negligible because the sources are slowly
varying. In this problem, Greek indices go from 0, ..., 3 while Latin indices go from 1, ..., 3.

Show that the result of Exercise 1(e) becomes
V2 =0,
where now i, j € {1,2,3} and V? is the usual laplacian on 3-space, while
V2900 = —167p.

Hint: What are the components (d;),, in a coordinate system? Argue that the form for 7" implies
T, =Ounless u =0and v = 0.
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Argue that the unique solution of V2y;; = 01is y;; = 0.

Hints: Recall the form of the solution of Laplace’s equation in spherical coordinates, and notice that
it needs to be well-defined at both r = 0 and at r = oo. If y;; must be a constant, then we can in fact
set it to 0 by a gauge transformation.

Denote (9;),, = t,, and show that our solution for the perturbed metric y,,, is
Yiw = — (41,0 + 20,00,
where ¢ = —i)?oo satisfies Poisson’s equation
V2 = 4mp.

The geodesic equation reads

d?x™ N Fuﬂdx" _0

dz? PP dr dt ’

Assume that the 4-velocity of our particle dx*/dt = (1,0, 0, 0), since our particle is moving much
slower than the speed of light in the newtonian limit. Thus, show that

d?xt
dt?
where we approximate T = ¢ and ignore time derivatives of ¢. Note that this is exactly the classical
equation of motion for a particle in a gravitational potential ¢,

=Ty = 0,0.

a=—Vo.

Since d; = (1,0,0,0) and dgy,» = 0, we have that the only nonvanishing component of 7 is the Tyo
component and we can ignore the time derivatives in the d’ Alembertian, i.e. 9> = V2. This gives the
desired results.

Solutions to Laplace’s equation in spherical coordinates are of the form

00 !
a 1,1
Z(I”H'l + b'r*)P;(cos ).
1=0
Since ri, blows up at the origin and ! blows up at co, we find that the only possible solution is a
constant. But we can set the constant to 0 by using a gauge transformation.
We have that y,,; = 0, while yy is the only nonzero component. Since
1

Yiv =Vuv — E’?Mv);

_ I
=Yuv — Enuv Yoo

=V — 200 @.
Thus, plugging this in to the form for y,, given in the statement of the problem, we find
Y = —41,0,¢.

Indeed, since 7,¢; = 0, and fofp = 1, we have that this satisfies the 16 relevant differential equations.
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d) The assumption on the 4-velocity implies that

2,1
dx_ "

ar ~ o

so we just need to compute this component of the Christoffel symbol. By definition, it is

FO% = —571‘”31})/00,

since the other terms are all of the form dop. We can ignore the v = 0 part since that is also a time
derivative. The v =i part is

| , .
—1" Biven = 8118: 2~ Dy = 81,0 = "o,

since 9% = 0 anyway.



