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Abstract

The purpose of the present note is to discuss the physical origin of Wess-Zumino-Witten (WZW)
models in conformal field theory, the derivation of the Knizhnik-Zamolodchikov (KZ) equations as
differential equations for n-point correlation functions in these models, and then to describe the other
side of the coin: The entirely mathematical derivation and utility of the KZ equations as equations for a
certain function of vertex operators (a correlation function) in a vertex algebra with underlying simple
Lie algebra g. We will start with the physical origin of the equations, then, after deriving them in this
context, change to a vertex algebra formalism and derive them purely algebraically. Finally, we will
show the equivalence of the two approaches. We note that much of the material of the “Physics” section
follows [1], while much of the “Mathematics” section follows [2] (even if not explicitly stated).

1 Introduction
The natural physical setting for much of the discussion in the following sections is the following. Consider
a (1+1)-dimensional quantum field theory. Passing to a euclidean spacetime (from the Minkowski original),
we can define the complex variable z D x C i t and its complex conjugate. Suppose we have our theory
defined on an infinite cylinder with space being the radial coordinate and time the axial, and suppose further
that it is conformal (so there is a conformal symmetry in Minkowski spacetime or an SL.2;C/ symmetry
in z; Nz). Mapping this onto the complex plane so that circles about the origin are at fixed time, we have
obtained a natural time ordering by means of a “radial ordering.” Indeed, suppose we are given two bosonic
fields '1 and '2. Then time ordering of the fields is equivalent to radial ordering:

TŒ'1.z/'2.w/� D

(
'1.z/'2.w/; jzj > jwj

'2.w/'1.z/; jzj < jwj
;

where T stands for the time-ordered product. This is one of the mathematical advantages of conformal
field theories. The rest of the formalism needed (that was not covered in class) is elementary quantum field
theory (including functional quantization).

2 The Physics
Consider a nonlinear sigma model given by the action

S0 D
1

4g2

Z
d2x tr0.@�'�1@�'/;
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where g2 > 0 is a dimensionless coupling constant, tr0 is a normalized trace such that tr0.tatb/ D 2ıab for
ta (the image in a unitary representation of) the generators of the Lie algebra g of the compact symmetry
groupG, and ' is a bosonic field taking values in a unitaryG-representation V . Since ' is unitary, it’s clear
that '�1@�' is antihermitian, which assures that tr0.@�'�1@�'/ D tr0..@�'/�@�'/ � 0, where � denotes
the adjoint. We will show that this theory is not conformally invariant, and hence motivate a correction to
the action to preserve conformal invariance, leading us to WZW models. We begin with a computational

Lemma 1. The Euler-Lagrange equation for S0 is

@�.'�1@�'/ D 0: (1)

Proof. Varying the action, we obtain

ıS0 D
1

2g2

Z
d2x tr0

�
'�1ı'@�.'�1@�'/

�
;

where ıf represents the variation of f .1 To obtain this, we want to compute the functional derivative

ı

ı'
S0 D @'L � @�

 
@L

@.@�'/

!
;

which is the Euler-Lagrange equation (L is the Lagrangian density). This in turn leads us to ı
ı'ij

tr0.f '�1g/,
where f and g are independent of '. Computing this, we find

ı

ı'ij
tr0.f '�1g/ D �

1

�
� .'�1gf '�1/ij ;

where � D tr
tr0 is the normalization of the trace (so the whole derivative is independent of the specific

representation). Thus, we have

ı

ı'ij
tr0.@�'�1@�'/ D �

1

�
@�.'�1@�'/:

That this is not the theory we want can be seen by looking at the Noether currents, J� D '�1@�'.
Writing them in terms of the holomorphic and antiholomorphic variables, we can define

Jz D'
�1@z'

J Nz D'
�1@ Nz':

1We will take the physics approach to variational calculus here, since the ultimate goal—the calculation of the correlation
functions and the KZ equations—will be derived in a later section by purely algebraic (and rigorous) methods. Of course, one
could define the variation of ' as ˛ W .�"; "/�G ! GL.V / such that ˛.0; x/ D '.x/, factor it through the charts on G, identify
GL.V / with GL.n;C/, and consider the derivative

dS0. N̨ .u//
du

ˇ̌̌̌
uD0

;

where N̨ .u/ denotes the function t 7! ˛.u; t/ (see e.g. [6] Volume I Chapter 9 for details). We will not pursue this further here.
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Thus,

@zJ Nz C @ NzJz D 0:

These need to be separately conserved, so that the two terms in the above equation must vanish separately.
Hence, "��J� must also be conserved ("�� is the rank-two Levi-Civita tensor). However,

ŒJ�; J��C @�J� � @�J� D 0 H)

H)@�."
��J�/ D �"

��J�J� ¤ 0:

What we actually want are Jz D @z''
�1 and J Nz D '�1@ Nz', which is exactly what we will obtain in the

following sections.

2.1 Wess-Zumino-Witten Correction
In order to obtain conserved holomorphic/antiholomorphic currents, we need to add a correction to the
action which enforces this conservation. It turns out that this correction is given by

� D
�i

24�

Z
M

d3y"˛ˇ tr0
�
Q'�1@˛ Q' Q'�1@ˇ Q' Q'�1@ Q'

�
;

where M is a 3-manifold such that @M is the compactification of the 2-dimensional spacetime over which
the original CFT is defined, and Q' is the natural extension of Q' to M . now there is some ambiguity in � ,
implicit in the two choices for M . The difference between these two choices we can write as �� , which
is integrated over the whole compact three-dimensional space containing both M . Since it’s compact, it is
topologically just S3, so

�� D
�i

24�

Z
S3

d3y"˛ˇ tr0
�
Q'�1@˛ Q' Q'�1@ˇ Q' Q'�1@ Q'

�
:

Now, j exp.��/j D 1, which follows from the following

Proposition 1. Let G be compact and simply connected. Then,

�� 2 2�iZ:

Let G D SO.3/, then �� D �i .

Proof. It can be deduced from a theorem of Bott that it suffices to consider maps from S3 to SU.2/ sub-
groups of G [5]. We have thus reduced to the case G D SU.2/. Consider the 2-dimensional representation
of su.2/ given by

Q'.y/ D y0 � i

3X
kD1

yk�k;

where �k are the Pauli matrices and y 2 S3. Now, the fundamental representation V$ has index

�$ D
dimV$h$; 3$i

2 dim su.2/

D
1

2
;
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where $ is the fundamental weight. Thus,

tr0 D 2 tr :

Finally, note that this expression for Q'.y/ defines a function Q' on all of S3. Moreover, by evaluating the
integrand of �� at some point, say y0 D .1; 0; 0; 0/, we find that it equalsX

˛;ˇ;

1

24�
"˛ˇ tr0.�˛�ˇ�/ D

i

�
:

But since our choice of “origin,” i.e. the point y 2 S3 where Q'.y/ D 1, is arbitrary, we find that the
integrand is identically equal to i=� . Hence,

�� D 2�i:

Considering higher dimensional representations, we obtain n-coverings of SU.2/ by SU.2/ (or S3 by S3),
which gives

�� D 2�in:

This proves the Proposition for the case of compact, simply connected G. If G is not simply connected, for
example G D SO.3/, the index is instead � D 1, so �� D �i .

Proposition 1 shows that the ambiguity inherent in the definition of � does not have any physical effect
on the theory, since the partition function for the theory is well-defined up to a multiplicative ˙1 factor.
Thus, we can define an action

S D S0 C k�;

where k 2 Z. The variation of � is a 2-dimensional functional, which follows from Stokes’ Theorem.
Explicitly, we have

Lemma 2.

ı� D
i

8�

Z
d2x"˛ˇ tr0

�
'�1ı'@˛.'�1@ˇ'/

�
:

Proof. This is a simple computation. Consider the expression

"˛ˇ@
 tr0

�
Q'�1ı Q'@˛. Q'�1@ˇ Q'/

�
D"˛ˇ tr0

�
Q'�1@.ı Q'/@˛ Q'�1@ˇ Q' C @ Q'�1ı Q'@˛ Q'�1@ˇ Q'

�
: (2)

When evaluating this derivative, remember that terms which are symmetric under any two of the indices
˛; ˇ;  are 0 when summed over; these are the only surviving nonzero terms. Now, make the substitution
Q' ! Q' C ı Q' in � to obtain

ı� D
i

24�

Z
M

d3y � 3"˛ˇ tr0
�
Q'�1@.ı Q'/@˛ Q'�1@ˇ Q' � ı Q'@˛ Q' Q'�1@ˇ Q' Q'�1@ Q'

�
;

where we again use the cyclic property of the trace and the antisymmetry of the Levi-Civita tensor. Renam-
ing indices and again using antisimmetry of the Levi-Civita tensor, we find that the integrand above is equal
to the total derivative in Equation 2. Using Stokes’ Theorem reduces ı� to the form given in the statement
of the Lemma.
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Using Lemma 2, we can read off the Euler-Lagrange equation for S :

@�.'�1@�'/C
g2ik

4�
"��@

�.'�1@�'/ D 0:

Changing variables to the complex variables z D x0 C ix1 and Nz D x0 � ix1, we have 
1C

g2k

4�

!
@z.'

�1@ Nz'/C

 
1 �

g2k

4�

!
@ Nz.'

�1@z'/ D 0:

Thus, if we can find k such that 4�=g2 D k, we have

@z.'
�1@ Nz'/ D 0:

Similarly, k D �4�=g2 gives the conservation of the currents. This equation has immediate solution
'.z; Nz/ D f .z/ Nf . Nz/, for arbitrary functions f and Nf .

Since both the holomorphic Jz and antiholomorphic J Nz currents are conserved, the action is invariant
under the transformation

'.z; Nz/ 7! �.z/'.z; Nz/ N��1. Nz/;

where �; N� W U ! G, U � C open. Considering values of � and N� near the identity, with their Lie
algebra parts given by ! and N!, respectively, we have that

ı!' D !' ı N!' D �' N!:

Setting g2 D 4�=k, we have that under ' 7! ' C ı!' C ı N!', S has variation

ıS D
k

2�

Z
d2x tr0

h
!.z/@ Nz.@z''

�1/ � N!. Nz/@z.'
�1@ Nz'/

i
;

which vanishes if we integrate by parts. Thus, the global G � G symmetry is actually local for such a
theory: It can be expressed in terms of the local functions �.z/ and N�. Nz/. Such theories, with g2 D 4�=k
and action given by S , are called WZW models. We will now quantize it.

2.2 WZW Quantization
Rescale the currents

J.z/ D� k@z''
�1

NJ . Nz/ Dk'�1@ Nz';

so that

ıS D �
1

2�

Z
d2x

h
@ Nz tr0.!.z/J.z//C @z tr0. N!. Nz/ NJ . Nz//

i
:
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Writing out the measure d2x D � i
2

dz ^ d Nz; integrating by parts, and picking a counterclockwise contour
for the holomorphic part and a clockwise one for the antiholomorphic part, we get

ı!; N!S D
i

4�

I
dz tr0.!.z/J.z// �

i

4�

I
d Nz tr0. N!. Nz/ NJ . Nz//;

where both contours are counterclockwise (hence the � sign). Writing this in components, we get

ı!; N!S D �
1

2�i

I
dz
X
a

!aJ a C
1

2�i

I
d Nz
X
a

N!a NJ a;

where J D
P
J ata and ! D

P
!ata. Denote by h� � � i an arbitrary n-point correlation function, so that

ı!; N!h� � � i D �
1

2�i

I
dz
X
a

!ahJ a � � � i C
1

2�i

I
d Nz
X
a

N!ah NJ a � � � i:

Finally, one can do a direct computation to get the transformation law for the currents

ı!J
a
D iCabc!

bJ c � k@z!
a;

where Cabc are the structure constants of g. Substituting this into the transformation law for the n-point
function, we get

J a.z/J b.w/ �
kıab

.z � w/2
C iCabc

J c.w/

z � w
; (3)

which is the operator product expansion (OPE) for the current algebra. Passing to the Laurent expansion

J a.z/ D
X
n2Z

z�n�1J an;

we will now show that the commutation relations for the affine algebra Og are equivalent to Equation 3. We
calculate

ŒJ an; J
b
m� D �

1

4�

I
dw

I
dzznwm

"
kıab

.z � w/2
C iCabc

J c.w/

z � w

#
:

Evaluating the contour integrals, we get

ŒJ an; J
b
m� D knı

abınCm;0 C iCabcJ
c
nCm;

which is exactly the relation for Og at level k. Of course, we also have the antiholomorphic affine algebra
(generated by the operators in the Laurent expansion of NJ . Nz/), which is another copy of Og. We have thus
shown that, under quantization, the local G-symmetry induces (two copies of) a Og current algebra.
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2.3 The Segal-Sugawara Operator
Since the Segal-Sugawwara operator was discussed extensively in class, we will only translate the con-
struction into the language of WZW models and conformal field theory. Recall that we defined the Segal-
Sugawara operators

Ln D
1

2.k C h_/

X
a;m

W J amJ
a
n�m W; (4)

acting on a highest-weight representation V of Og of level k ¤ �h_, where h_ is the dual Coxeter number.
We would like to extend the natural Og action to one of Qg D Og ˚ d , where d D �L0. This is in fact a
natural choice. Let v 2 V be a highest weight vector, so that it is annihilated by elements of the form
x.n/ D x ˝ t

n 2 Og where n > 0. Thus,

L0v D
1

2.k C h_/

X
a

J aJ av D
1

2.k C h_/
�v D

h�; �C 2�i

2.k C h_/
;

where� is the Casimir of g, which necessarily acts by the scalar h�; �C2�i, where � is the highest weight
corresponding to V and � is half the sum of the positive roots of g. We have thus shown that L0 acts as a
Casimir for Qg.

The connection to the physics is the following. The energy-momentum tensor has classical form
1
2k

P
a J

aJ a, which is just the scaled Casimir of g. A normal ordered version of this could be written

T .z/ D 
X
a

W J a.z/J a.z/ W;

where  is an unknown constant. It can be shown by calculating contractions (in the sense of quantum field
theory) that  D 1=Œ2.k C h_/� (the level k is renormalized to k C h_; see [1], pp. 627-8). Thus, when we
write out J a.z/ in a mode expansion, we find that T .z/ can be expressed in terms of the Ln.

2.4 Primary Fields and the KZ Equation
We will call a field primary if it transforms covariantly under representations with highest weights � and
� acting on the holomorphic and antiholomorphic variables, respectively. Explicitly, this means

J a.z/'.w; Nw/ � �
ta'.w; Nw/

z � w
(a)

NJ a. Nz/'.w; Nw/ �
'.w; Nw/ta

Nz � Nw
; (b)

where the ta are the images of the generators ta of g in the �-representation in (a), respectively the �-
representation in (b). Let, now, f'i ji 2 f1; : : : ; ngg be primary fields. Conformal invariance (SL.2;C/
invariance in the complex variables z and Nz) gives the Ward identities for the n-point function, which we
will just state:

nX
iD1

zi
m.zi@zi

C .mC 1/hi/h'1.z1/ � � �'n.zn/i D 0 for m 2 f�1; 0; 1g:
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G-invariance requires

ı!h'1.z1/ � � �'n.zn/i D 0:

Combining the above two relations, we getI
dz
X
a

!ahJ a.z/'1.z1/ � � �'n.zn/i D �

nX
iD1

1

2�i

I
dz

z � zi

X
a

!ati
a
h'1.z1/ � � �'n.zn/i D 0;

where ti a is the image in the representation labeled by i of the Lie algebra generators. Since ! is totally
arbitrary, this reduces to

nX
iD1

ti
a
h'1.z1/ � � �'n.zn/i D 0:

Theorem 1a: Knizhnik-Zamolodchikov Equation. Arbitrary n-point correlation functions obey the fol-
lowing differential equation,24@zi

C
1

k C h_

X
j¤i

P
a ti

a ˝C tj
a

zi � zj

35 h'1.z1/ � � �'n.zn/i D 0:
Physics Proof. Consider the state vector (i.e. element of the state Hilbert space) associated to the primary
field 'i , denoted j'ii, and act on it with L�1, defined in Equation 4:

L�1j'ii D
1

k C h_

X
a

J a�1J
a
0j'ii

D �
1

k C h_

X
a

J a�1ti
a
j'ii:

Now, suppose we insert the 0 state vector,

j�i D

"
L�1 C

1

k C h_

X
a

J a�1ti
a

#
j'ii;

into a correlation function. First, consider the insertion of J a�1. This gives

h'1.z1/ � � � .J
a
�1'i/.zi/ � � �'n.zn/i D

1

2�i

I
zi

dz
z � zi

hJ a.z/'1.z/ � � �'n.z/i

D
1

2�i

I
zj ;j¤i

dz
z � zi

X
j¤i

tj
a

z � zj
h'1.z1/ � � �'n.zn/i

D

X
j¤i

tj
a

zi � zj
h'1.z1/ � � �'n.zn/i;
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where the symbol
H
zi

denotes a contour containing zi , we use the OPE (3) in the second equality (and
reverse the contour to preserve the sign), and the last equality is just the evaluation of the contour integral
by the residue theorem. We thus have that

h'1.z1/ � � ��.zi/ � � �'n.zn/i D

"
@zi
C

1

k C h_

X
j¤i

P
a ti

a ˝C tj
a

zi � zj

#
h'1.z1/ � � �'n.zn/i;

which vanishes.

We will now derive a mathematically equivalent version of Theorem 1a. The proof that it is equivalent
will occupy much of the final section.

3 The Mathematics

3.1 Intertwining Operators
Denote by L�i

, i 2 f0; 1; : : :g highest-weight modules of a simple Lie algebra g of highest weight �i , and
let k 2 C. Suppose that for each �i , k is generic, i.e. it satisfies k … Qh˛_; �ii C Q, for all ˛ 2 �C (i.e.
for all positive roots ˛). Further, let Qg denote the extension of the affine algebra Og by the exterior derivation.
In other words, if g˝ CŒt; t�1� is the loop algebra and Og D g˝ CŒt; t�1�˚ C1 its central extension, then
Qg D Og˚ Cd , where d D t@t . QgC denotes the extension of g˝ CŒt �. With this notation, we have

Proposition 1. If k is generic for � 2 h�, then the induced representation V�;k D IndQg
QgC
L� is irreducible.

Here, 1 acts by k and d acts by

�.�/ D
h�; �C 2�i

2.k C h_/
; (5)

where � 2 h� is some (generally not unique) solution of h�; ˛i_i D ai i=2; 8i . The ai i are the terms on the
diagonal of the generalized Cartan matrix of Og.

Proof. This follows as a special case of Theorem 2 in [3].

Let ' W V�1;k ! V�0;k
Ő V.z/ be a Og-homomorphism, where z 2 C, V.z/ denotes the representation of

Og obtained from some g-representation V by setting x ˝ p.t/ � v D p.z/xv for any v 2 V , and Ő denotes
the completed tensor product, so it can have infinite expressions of the form

P
wi ˝ vi such that the wi are

homogeneous and deg.wi/! �1. Such a ' is called intertwining: It satisfies

'.x.n// D .x.n/ ˝ 1C z
n
� 1˝ x/';

where x.n/ 2 Og denotes x ˝ tn. We will show below that intertwining operators are primary fields in a
WZW model with symmetry group the adjoint group of g. Along the way, we will see that these are also
the vertex operators we had discussed in class.
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3.2 Operator KZ Equation
We begin with a result from class:

Theorem 2. Let � W L�1
! L�0

˝V be a g-homomorphism. Then for k 2 C generic, there exists a unique
Og-intertwiner

'�.z/ W V�1;k ! V�0;k
Ő V.z/;

such that for each v 2 V�1;k;.0/ D L�1
, the degree 0 part of '�.z/v is �v.

This theorem was (essentially) proved in class; we will not repeat the proof here, except to remark that
this implies we can expand '� in a Laurent series,

'�.z/ D
X
n2Z

'�.n/z
�n;

where each '�.n/ is a homogeneous operator. Define, now, for u 2 V �, '�u .z/ by the equation

'�u .z/v D u.'
�.z/v/

for v 2 V�1;k . We can then write the intertwining property as

Œx.n/; '
�
u .z/� D z

n'�xv.z/: (6)

Define formal sums associated to any x 2 g

Jx.z/ D
X
n2Z

x.n/z
�n�1

2 OgŒz; z�1�

DJx
C.z/ � Jx

�.z/

D

X
n<0

x.n/z
�n�1

�

24�X
n�0

x.n/z
�n�1

35 :
We will call these the currents associated to x. We remark that these have the same power series expansions
as the Noether currents in WZW models, where we consider Noether currents parametrized by elements of
g rather than by a basis ta of g as in §2.2. Let u 2 V �.z/. Then

Jx
C.w/u D

X
n2N

wn�1x.�n/u

D

X
n2N

wn�1z�nxu

D
xu

z � w
:

The Jx�-action has a similar power series expansion (with n � 0 and an overall minus sign); hence,

Jx
�.w/u D

xu

z � w
;
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as well. Thus, using the intertwining property in the form of Equation 6,

ŒJx
˙.w/; '�u.z/� D

1

z � w
'�xu.z/; (7)

which is equivalent to the locality property for vertex operators and the defintion of primary fields above.
Let now V be a lowest-weight g-module with lowest weight ��. Define the operators

O'�.z/ D z��.�/ Q'�.z/ D
X
n2Z

'�.n/z
�n��;

where� D �.�1/��.�0/C�.�/ and�.�/ is defined in Equation 5. Use the normal ordering we defined
in class; namely, given x 2 g,

W Jx.z/ O'
�
u.z/ WD Jx

C.z/ O'�u.z/ � O'
�
u.z/Jx

�.z/:

We then have

Theorem 1b: Operator KZ Equation. Let B � g be an orthonormal basis. Then the operators O'�u.z/
satisfy

.k C h_/@z O'
�
u.z/ D

X
a2B

W Ja.z/ O'
�
au.z/ W :

Remark. We note that the proof of Theorem 1a suggests that something like this must be true. In fact, this
is derivable from Theorem 1a. However, we believe it more instructive to begin with this result, prove it
algebraically, and then show that it leads to Theorem 1a.

Proof. We first need a technical

Lemma.

z��'�.z/ W V�1;k ! V�0;k
Ő z��V Œz; z�1�

is a Qg-homomorphism if and only if

� D �.�1/ ��.�0/:

Proof of Lemma. By definition, Q'�.z/ D z��'�.z/ is a Qg-intertwiner if and only if

Q'�.z/d � .d ˝ 1/ Q'�.z/ D .1˝ z@z/ Q'
�.z/:

From the formal power series expansion Q'�.z/ D
P
n2Z '

�
.n/z
�n�� with each '�.n/ homogeneous of

degree n, we need only check this at degree 0. But this exactly gives the expression for � in the statement
of the Lemma.

Henceforth, Q'�.z/ D z��'�.z/ for � as in the Lemma. d -invariance of Q'�.z/ implies

z@z Q'
�
u.z/ D �Œd; Q'

�
u.z/�;
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which can be written as

z@z O'
�
u.z/ D �Œd; O'

�
u.z/� ��.�/ O'

�
u.z/:

Substitute d D S, where

S D
1

2.k C h_/

X
a2B

X
n2Z

W a.n/a.�n/ W

is the Segal-Sugawara operator defined in class. We thus have

z@z O'
�
u.z/ D

1

2.k C h_/

X
a2B

24X
n�0

Œa.n/a.�n/; O'
�
u.z/�C

X
n2N

Œa.�n/a.n/; O'
�
u.z/�

35 ��.�/ O'�u.z/:
Now, use the intertwining property in the form of Equation 7 of O'�u.z/ to rewrite this as

z@z O'
�
u.z/ D

1

2.k C h_/

X
a2B

�X
n�0

�
z�na.n/ O'

�
au.z/C z

n
O'�au.z/a.�n/

�
C

C

X
n2N

�
zna.�n/ O'

�
au.z/C z

�n
O'�au.z/a.n/

��
�

��.�/ O'�u.z/

D
1

2.k C h_/

X
a2B

�
2zJa

C.z/ O'�au.z/ � 2z O'
�
au.z/Ja

�.z/C

C a.0/ O'
�
au.z/ � O'

�
au.z/a.0/

�
��.�/ O'�u.z/

D
1

k C h_

X
a2B

�
z W Ja.z/ O'

�
au.z/ W C

1

2
O'�a2u.z/

�
��.�/ O'�u.z/:

Since
P
a2B O'

�
a2u.z/ D O'

�
�u.z/ D h�;� C 2�i O'�u.z/, where � is the Casimir (and hence acts as

h�;�C 2�i), the last two terms cancel, which gives the desired equation.

4 Equivalence of KZ Equations: Physics$Mathematics
We will now show that this is equivalent to Theorem 1a. Let L�i

for i 2 f0; : : : ; ng be irreducible highest-
weight g-modules, and let V�i

, i 2 f0; : : : ; ng, be lowest-weight modules with lowest weights ��i . Fix a
level k 2 C generic for each �i and g-homomorphisms �i W L�i

! L�i�1
˝ V�i

. Define the corresponding
Og-intertwiners

O'�i .zi/ W V�i ;k ! V�i�1;k
Ő z��V�i

Œzi ; zi
�1�:

Further, define the product

‰.z1; : : : ; zn/ D . O'
�1.z1/˝ � � � ˝ 1/ � � � . O'

�n�1.zn�1/˝ 1/ � '
�n.zn/ W V�n;k ! V�0;k

Ő V�1
Ő � � � Ő V�n

:
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We note that this is already almost a correlation function; all that’s left is to take for u0 2 .V�0;k;.0//
� D

L�0

�, unC1 2 V�n;k;.0/ D L�n
,

hu0; ‰.z1; : : : ; zn/unC1i 2 V�1
˝ � � � ˝ V�n

: (8)

It should be clear from the form of this function that it is just the n-point correlation function, if we consider
the intertwiners as primary fields in a WZW model. Explicitly, one would write out the mode expansions
for the fields in the product, act on unC1, and take the inner product, which amounts to integrating over a
spacetime contour that connects the modules V�n;k and V�0;k . Let V D V�1

˝ � � � ˝ V�n
˝L�n

�. For fixed
u0, we can define a V -valued function

 .z1; : : : ; zn/ D hu0; ‰.z1; : : : ; zn/�i:

We can now state

Theorem 1c: The KZ Equation, 2nd Version.  .z1; : : : ; zn/ satisfies

.k C h_/@zi
 D

� nX
jD1;j¤i

�ij

zi � zj
C
�i;nC1

zi

�
 ; 8i 2 f1; : : : ; ng: (9)

Remark. This is equivalent to the form of the KZ equation in Theorem 1a. There, the equation reads

.k C h_/@zi
 D

nC1X
jD1;j¤i

�ij

zi � zj
 ; 8i 2 f1; : : : ; nC 1g; (10)

where�ij is the same operator as
P
a ti

a˝ tj
a in Theorem 1a. To see this, note that the action of

P
a ti

a˝

tj
a is effectively the insertion of the current modes into the correlation function. From the proof below,

we see that �ij defines the same insertion. To see the equivalence of the two forms above,note that if
 .z1; : : : ; znC1/ is a solution of Equation 10, then clearly  .z1; : : : ; zn; 0/ satisfies Equation 9. Conversely,
if  .z1; : : : ; zn/ is a solution of Equation 9, then Q .z1; : : : ; zn; znC1/ D  .z1 � znC1; : : : ; zn � znC1/

satisfies the Equation 10

Proof. Choose u1 2 V�1

�; : : : ; un 2 V�n

�, and define

 u1;:::;unC1
.z1; : : : ; zn/ D hu0; O'

�1
u1
.z1/ � � � O'

�n
un
.zn/unC1i 2 C:

By Theorem 1b, we get

.kCh_/@zi
 u1;:::;unC1

.z1; : : : ; zn/ D

Dhu0; O'u1
.z1 � � � .k C h

_/@zi
O'ui
.zi/ � � � O'un

.zn/unC1i

D

X
a2B

hu0; O'u1
.z1/ � � �

�
Ja
C.zi/ O'aui

.zi/ � O'aui
Ja
�.zi/

�
� � � O'un

.zn/unC1i;

where we use the intertwining relation to get the third line. Now, use the commutation relation (7) and pull
all the J� to the right and all the JC to the left to get

.kCh_/@zi
 u1;:::;unC1

.z1; : : : ; zn/ D

D

X
i¤j

X
a2B

1

zi � zj
hu0; O'u1

.z1/ � � � O'auj
.zj / � � � O'aui

.zi/ � � � O'un
.zn/unC1iC

C

X
a2B

1

zi
hu0; O'u1

.z1/ � � � O'aui
.zi/ � � � O'un

.zn/aunC1i;
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where we use that Ja�.z/unC1 D �aunC1=z, and hu0; JaC.z/vi D �hJaC.z/u0; wi D 0 for any v 2 V�0;k

(since both u0 and unC1 are zero degree vectors).

We have thus shown that quantum WZW models carry the natural structure of a vertex algebra, with
primary fields corresponding to vertex operators. Furthermore, we can define all objects arising naturally
in the field theoretic description bypassing and generalizing the physical picture.

If I had more time and/or space, calculating some correlation functions for the simplest case, g D
sl.2/, would be interesting. Showing that the Gauss hypergeometric function arises naturally out of the
KZ equations would also be an interesting next stopping point. Finally, I really wanted to get to quantum
groups and the deformed KZ equations but did not have time.
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