
0 Some things about aotangent conlexes t mislat be goad to knou 
Recall: A deived Co, ing, MeModA get algebr 

structure on AM via Vevad lt on A, AM, and m-0 fe meM 
For iComnS derved stack, the (absolote) cotangent 
Commplex oP is Lye Da. C) satifying (G4 M)sjt 

M) 

L Spece Spec A 

Spee AoMSpee k 

P 

More generaly 

Prap: For Castesian 

Prop: ForE deived Arhin sthck, Ly eists is unique 
Can also relivize: ort-t, hwe P"LyLz Ly 

Sieth: Given 
Spec A £E 

Spec Aemy 

from cx nto space 

Compare this defn «/ folmal smtclhmess 

gves P"LH/xLeyLx 
(Pollows fom above ) 

(Meybe best to just state for 4, 

arbitaY Sqyase - O exetensons 

Pts Spec AeM’ 
Correspond uniyely to 

IR4s Spec AeM 

aie dl sclas ?) 



We've seen thatL controls ifts of split square 
extensions Spec A 

Or 

2 ways t generalize: 
-Globalize to splt suare-0 exts 

-Dscus> more generd exts Spec A Spec Ae, MEI) 

The former is shraitforward: Tf FeQCoh(a)«o dene 
ZF(A)=a:Spec A-~, s: Spec A Spe AeaF ectien) 

eauivalenty z()=colim Spec Aea*F 

Spec A9M 

aSpe A 

XF] Fe QCohl)o 

Prop: Let , : Coms, be d stks st+ y admits cotn cx. 

Given fiEy, have iso (nat in FeQ Ch(E)*0) 

Map. (E(,) s,),: pt enHomy (P'Ly, F) 
PP:Wite both sides as bmits over all a Spec A -

but we can use it to commpute p.t, ) This is maybe a bit quotdlan, but we 
Recall' Msp, (E,9) (A) = Map,(¥A, 9) 
In nice Cases (e.g. E seh Piut pap /k, y deñved Achn be. fo /E) 

Hhis is deived Artin, loc. fp lk (by Artin -Lurie representdity -detils?) 

Prop: TpX seh lut proper A, theon : aCoh(Spec k) ’QCoh(X) 

admits lelt adi given on PeclX) by Fs (f.F)) 

Prop: In niee case' above, have |Map(X,) -Mops(X,4) =((ev'Ly) 
PP: Por f:XA’y, have Map, (X,9NAeMrseix, . e pt =2Hy, 
where Ti XASpee A (shee X AenXabri). 

Using above adjunctantcorying, get resul+. 
Tats can be sheun more geneally -c. HalpernLeista & Preyge) 



Obstruction thy & non-split liPting problems 
This dscussion Can be Mad globa, but lets locus on the beal shry hr simyplety 

We really want to consider liting of genecal sqvre-zero extensans 
For AeCome, Me Mod:AM a k-deivation, let 
Ao,ME0 =Aign A =ae A, da ~0)3 
Then we have A@,ME’#, bt not ese in ganeral 

Say a d. stt� has an obstructon tHhy if Ly ests & peens these ther spns 
CCon adso relatvize ths ... well skip ) 
Prop: Every deived Artn stack has an obst. thy 

Wop: Given 
Prop: 1ing 

ote! 

Spec A --E 

pro blem Spec A�MEJSpec k 

u=0 
i)cannzal obstrchn cass oe ,THe,l'le,M) st 

(texists 

Pe: Space of Iets 

where has obst. thy 

AG, HEIA 
AeM 

.) When -0, space o? 1+s seSHomglaLx, MGO)-brsor 
E(AeMED) Xxw:pt =iL 

E(AQ, MED)’UA) 
E(A) ->(Ar) 

Jet 
pt 

Let u=conh. Cpnt of imecge , then Hhar piod is namempty p a=0, 
.M a which case qet noncn i5o L2(2Homa M)2THory ME 

Aeplication: Far Postnilov toers of deived Actin stacks, can write 
tie) =tsn),Ta ], gwing kints & obstuctdn thy 
as in algebrae topology 



How to Compute cotangent complex of a gepd qtiet 
Let , e a s. gpd in deived la)Artin shcks 

and let =)| be the guotient (a derved n-Actin stack) 

Suppose Tt ,’*i the quotient map 
Conormal Aber se TLyL, on o 
Combined w/ Le/=e'stLx,g =eLz 
gves T*Le =Pib (Lzel%)l 

Things we Can do with this! 

-Reniy descent tuta lets us construet Ly Pom T*Lx 
’induchve construchon of cotan, cxes 

-B, induchn, each L, hos amp. n (-o, n-l3 
’1* and Le have amp. in Co,n 

-Explie + computatons ! 
Ex:G sm, alg se, v: pt’BG pt/e] 

Ex: More geealy PX sm sh, GX, and ToiX’[x/67, then 

Ex: Alteonatvely, A sm. ab. ag g, Tuipt BA, 
Hen Lga =b(L eLg)=b(0 ot-)= oFl 
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