Representation Varieties of Stacks
and Trace Maps

Jacob Erlikhman

Abstract

We define a derived stack Rep, (X) which generalizes the assignment A ~> Rep,,(A) to an algebra
of its derived GL;,-representation variety of [BKR13] from algebras A to perfect stacks X over charac-
teristic O fields. In the case of a quasi-projective classical scheme X, we show that Rezp, (X) admits
a subfunctor Quot’é’f(X ) C Rep,(X), which is in fact represented by a derived scheme almost of
finite type. We furtﬁ(er construct a Fourier-Mukai integral transform between the derived categories of
quasi-coherent sheaves on X and Quot'(’g’,fr(X ) which induces a trace map at the level of Hochschild
homology generalizing the trace morphisn}g constructed in [BKR13] (for finitely presented commutative
algebras). We show that the subfunctor Quotg’ﬁr(X ) is a derived enhancement of the framed locus of the
Quot scheme of points and that this derived s)éheme is a GL,-torsor over the stack of coherent length
n torsion sheaves. Hence, this stack is an analog of the derived character stack for quasi-projective
schemes, and we show that for smooth, Calabi-Yau X, it inherits a shifted symplectic structure in the
sense of [Pan+11] from the one constructed in [BD18] on the moduli stack of perfect complexes with
proper support. This structure is shown to give a generalization of the classical symplectic structure on

character varieties of surfaces of genus 1 constructed by Goldman [Gol84].
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1 Introduction

1.1 Motivation

Given a topological surface X, its (SL,-)representation and character varieties have been of classical interest
since the beginning of the 20" century (see the introduction to [Gol09]). Classically, one fixes a (connected,
reductive) Lie group G, and studies either representations of the fundamental group

Homgp(71(X), G)
or these up to conjugacy
Homgp(71(X), G)/ G,

where G acts by the conjugation action. In the case of G = GL,,, one can give representation varieties the
structure of an affine algebraic variety by defining a representable functor [LM8S5, Proposition 1.2]

Rep,, (71(Y)) : Aff*P —Set
Spec B — Homg, (71 (X), GL,(B)),
where Aff°® denotes the opposite of the category of affine C-schemes. By the adjunction
C[-]
Gp — Algc
(=

and the observation that M, (C)* = GL,(C), where M, (C) is the C-algebra of (n x n)-matrices with
complex entries, one can reformulate this functor as

Rep,(71(X)) = Rep, (A)" : Spec B Homgyg. (A4, M, (B)),

where M, (B) denotes (n x n)-matrices with entries in the C-algebra B. Similarly, the GL, character
stack is defined as

Rep, (71(X))/ GL, = Rep, (4)"/ GL, .



On the other hand, the associated GL,, character variety is the GIT quotient Rep,,(4)"' / GL,. In the
algebraic setting, the derived enhancements of these objects, denoted Rep,,(4) and Rep,, (4) / GL,, respec-
tively, are already known in the literature, first constructed in [BKR13].In this paper, we study the derived
and stacky versions of these constructions, so that there is a correspondence

Rep,(A4)/ GL, < (Rep, (A4)/ GL,)" — Rep,(4)* J GL, — Rep,(A4) / GL,, .
In the 1980’s, Goldman defined in [Gol84] a symplectic structure on
Hom(m(¥),G) / G,

and its quantization has been of interest in knot theory, see e.g. [Tur91; AMR96; AMRO98] for the classical
story and [BBJ18; Jor23] for a modern formulation.
When A4 is finitely presented and commutative (so that Spec A is a quasi-projective scheme), the functor

B — HOI’IlA|gC (A, Mn(B))
is also the open subfunctor of the functor of points of the Quot scheme parametrizing length n quotients
q: (A®cB)" > M

for which the induced map B" — M is an isomorphism. We call this the framed locus and explain this
in detail in Section 4.1. Like the specific case of Hilbert schemes, Quot schemes are a basic example of
moduli problems in algebraic geometry and thus have been of interest since Grothendieck’s original proof
of their representability [Gro61; Nit05; HL10]. They are used as covers of the stack of coherent sheaves
[HL10]; thus, they are also important in the theory of cohomological hall algebras [KV22; PS22].

1.2 Overview

This paper generalizes results of [BKR13] and [Yeul8] in several directions. We begin by placing a trace
map of [BKR13] in a trace formalism context [LurO9b; HSS17; BN19]. Next, we generalize the study of
such representation and character varieties for G = GL, from A ~> Rep,(A4) to X ~> Rep,(X), where
X is now any perfect stack (see [BFN10] for what this means). In fact, our construction takes as input a
category € of the form QCoh(X) or A -mod equipped with the natural functor to k -mod given by push-
forward/restriction; in the latter case € = A -mod, the choice of this restriction functor is equivalent to
choosing a perfect generator, so this construction is not Morita invariant. In contrast, the closely related
stack Mg of [TVO7] is Morita invariant. In the process, we construct a derived enhancement of an open
subfunctor of the Quot scheme of n points which parametrizes quotients g : Oy — &, where & is a S-flat
family of length n torsion sheaves and the adjoint map to ¢, O — ps«&, is an isomorphism. Such derived
Quot schemes have been constructed before, for projective X in [BKS19] and for quasi-projective X in
[Adh22] (see also [CK99]); however, our construction differs significantly from theirs, as it uses a fiber
of the stack of coherent sheaves as input instead of constructing the functor of points directly (see Section
4.1, in particular, Corollary 4.6, for details). On their common domains of definition, we expect all three
constructions to agree. We check this explicitly for the construction in [Adh22] for smooth quasi-projective
schemes in the appendix.

We show that in the case of a quasi-projective scheme X, there is a Fourier-Mukai integral transform
between quasi-coherent sheaves on this derived Quot scheme and QCoh(X). This functor induces a trace
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(in the sense of [HSS17; BN19]) map at the level of Hochschild homology which generalizes the trace map
of [BKR13] from finitely presented commutative algebras to arbitrary quasi-projective schemes, and gives
it an especially natural characterization: It arises due to the existence of a universal almost perfect complex
on (the noncommutative analog of) Spec A x Rep,,(A4), see Sections 2.2 and 4.2.

We next construct a generalization (in the sense of [Pan+11]) of the Goldman symplectic structure to
(derived) character stacks equipped with a Calabi-Yau structure whose underlying classical truncation is of
the form

Hom(A4, M,)/ GL,,

where A is a commutative smooth algebra. In [Pan+11], the authors construct a shifted symplectic structure
on the derived moduli stack of maps Map(Xp, BG), where for a (compact, oriented) topological manifold
X, Xp is the constant derived stack with value the singular complex of X. This moduli is the derived
character stack of X'; moreover, in the case that X is a compact oriented 2-manifold, the shifted symplectic
structure becomes 0-shifted, see [Pan+11, Theorem 2.5] and the examples following it. Further, this canon-
ical symplectic structure arises from the choice of a symmetric bilinear form on the Lie algebra g of G.
This symplectic structure on the derived character variety of X recovers the Goldman symplectic structure
of [Gol84] by pulling back to the classical character stack and then restricting to the appropriate smooth,
classical locus [Pan+11; Saf16]. In Section 2.3 of [Pan+11], the authors also construct a symplectic struc-
ture on the moduli stack of perfect complexes on a smooth and proper Calabi-Yau scheme. It turns out that
the properness assumption can be dropped [BD18],[BCS24, Theorem D and Lemma 3.7]. We use these
foundations to construct our symplectic structure by pulling back this already existing one. Symplectic
structures on derived character varieties have been constructed before in [Yeul8]. Therein, a generaliza-
tion of derived representation varieties to categories is considered, where algebras are viewed as categories
with one object. We did not take this approach, instead viewing algebras as categories (noncommutative
spaces) via their categories of modules. Our constructions are functorial with respect to that view (as in e.g.
[TVO7]). We now give a more detailed overview of the results below.

1.3 Contents

Let k be a characteristic O field, fixed for the rest of this introduction (in fact, for the rest of this paper). In
[BKR13], the authors construct and study a trace map

HC.(A) = L(A),

between the cyclic homology of an associative k-algebra A and its “representation homology,” L(A),.
This latter homology is by definition derived global functions on the derived n-dimensional representation
variety of A, defined as follows (see Section 1.4 for context). As earlier in this introduction, let Rep,, (A4)!
be the affine variety which represents the functor

B — HomA|gk (A9 Mn (B))a

where M, : CAlg, — Alg, takes a commutative k-algebra B to the algebra of (n x n)-matrices with entries
in B. This scheme is called the (n-dimensional) representation variety of A. In particular, functions on
it are the left adjoint of the functor M,. All these constructions can now be derived as in [BKR13], to
obtain a derived representation variety and a left derived functor L (—),, and this latter functor is called the
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representation homology. When A = k[m(X)] for a surface ¥, this is a derived enhancement of the
cohomology of the classical representation variety of A.

In Section 2, we place the above into a trace formalism context, (see [HSS17; BN19] for the trace
formalism we use). Given algebras A, [L(A),, we show that the categories of modules over these algebras
admit a natural “domain wall,” i.e., a Fourier-Mukai integral transform with a continuous right adjoint
(explained in Sections 2 and 4.2), between them. This point of view gives a natural reason for why the trace
map of [BKR13] should exist: It follows from the existence of a well-behaved integral kernel (Lemma 2.4
and Proposition 4.16). Indeed, by [BN19, Section 3.4], this integral transform gives rise to a map

HH..(4) — HH.(L(A),).
Because [L(A4), is a commutative algebra, it admits a map
HH, (L(A4)n) = L(A)n.
Moreover, the composition
HH.(4) — L(A4)x

is equivariant with respect to the natural S!-action on HH, (A4) and the trivial S!-action on [L(A4), [HSS17,
Theorem 2.14]. Since S!-coinvariants form an adjunction [NS18, Section I.1]

(—)s1 = coli¥n - VectS' — Vect : triv,
BS

where triv equips a vector space with the trivial S'-action and Vect® L= Map(B S, Vect) denotes vector
spaces with S!-actions, we obtain a map

HC.(A) — L(A),.

Theorem 1.1 (Theorem 2.8 in the text). If A is a connective associative algebra, then the induced map
HC.(A) — L(A),

is the trace map of [BKR13].

In Section 3, we extend this definition of derived representation varieties from algebras A to perfect
stacks X (see [BFN10] for what this means). Let X 4.moq denote the stack which represents the functor
Spec B +— m, where € denotes the maximal subgroupoid of a category €. Similarly, let
Xacon(x) for a perfect stack X denote the stack of quasi-coherent complexes on X, defined in Section
3. We equip both of these stacks with natural maps to the stack of quasi-coherent complexes on a point,
Vect := k-mod, defined by pushforward (Lemma 3.3). Using either of these categories together with their
maps to Vect, we define a derived stack

Rep,(€) == Xe Xveer {k"},

where the map {k"} — Vect classifies k”. Because the map Xe — Vect is part of the construction of this
moduli, this construction is not Morita invariant. We show (Theorem 3.7) that the extension, which we call

5



the “n-dimensional representation moduli,” agrees with representation varieties in the case of € = A -mod.
We compute this stack in the case that € = QCoh(X) for X = P! and X = BG with G a reductive
algebraic group.

Further, we show in Section 4 that for € = QCoh(X) with X a classical quasi-projective scheme, this
stack admits a substack of “coherent representations,” denoted Rep;"h(X ). In Theorem 4.5, we prove that
this substack is 1-Artin, locally almost of finite type, and with affine diagonal. Finally, we show in Corollary
4.6 that the stack of coherent representations admits a substack

Quotyy (X) C Repy,"(X) C Rep,(QCoh(X))
which is a derived scheme almost of finite type and with affine diagonal whose classical truncation is the
open subfunctor of the Quot scheme of points which parametrizes quotients g : Oy, ¢ — & for which the
induced map O — ps«€ is an isomorphism. On affine schemes of finite presentation, all of these stacks
agree.

Theorem 1.2 (Proposition 4.8 and Corollary 4.10 in the text). Let X = Spec A be an affine scheme of finite
presentation. Then

Quot’g,ﬁ;(X) ~ Reps™(X) = Rep, (QCoh(X)) = Rep, (4).
Remark 1.3. By the above theorem, this Quot scheme on smooth and affine X = Spec A is equivalent to
the corresponding open subfunctor of the derived enhancement of this Quot scheme defined in [Adh22] (see

Example 4.1, Proposition 4.2, and Definition 3.3 of op. cit.). In fact, these also match when X is smooth

quasi-projective by Proposition A.1.

Now, let X be a (not necessarily smooth) quasi-projective scheme. We show that the scheme Quot'('g’,;f(r (X)x
X admits an almost perfect complex R called the “universal representation.” This complex is a generaliza-
tion of the domain wall which defines the map of Theorem 1.1.

Theorem 1.4 (Proposition 4.16 in the text). The sheaf R defines a domain wall between the partially
extended field theories defined by

QCoh(X) and QCoh(Quot’(;’;;(X)),

meaning that the Fourier-Mukai integral transform it defines,
®x : QCoh(X) —>QCoh(Quot’(’9’£ (X))

X

has a continuous right adjoint. Here, px, pq,n . (x are the respective projections from X x Quot’('g’,l?(X ).
(9X X

In particular, this theorem implies that in addition to functors between the respective categories, R
induces a map on Hochschild homology by a theorem of [BN19], which is moreover S!-equivariant.

Theorem 1.5 (Theorem 4.17 in the text). If X = Spec A4 is a finitely presented affine scheme, then the
domain wall defined by R precisely recovers the domain wall which gives rise to the trace map of [BKR13].



Thus, this generalizes the story of [BKR13] by initiating the study of analogous trace maps for arbitrary
classical quasi-projective schemes.
Let Cohg (X') denote the derived stack of length n torsion sheaves on a classical quasi-projective scheme
X (as defined in [PS22] and reviewed in §4). There is a canonical projection map
Quot’é’g (X) — Coh(X),
which informally can be described as sending a quotient Oy —» &, where & is length n torsion, to &
itself. We show (Proposition 5.1) that this map is a GL,-torsor; thus, Cohg (X) is the analog of the derived

character variety Rep,,(4)/ GL,, for non-affine schemes. When X is furthermore smooth, this stack admits
a formally étale map

S Cohg(X) — Perfp(X)

to the stack of perfect complexes with proper support. In the case that X is Calabi-Yau of dimension d, this
latter stack admits a (2 — d)-shifted symplectic structure by [BD18].

Theorem 1.6 (Theorem 5.2 in the text). Let X be a smooth classical quasi-projective scheme equipped
with a trivialization Ox = Ky of its canonical bundle. Then Cohg (X ) admits a (2 — d)-shifted symplectic
structure induced from the one on Perf,,,(X) by pullback along f.

This theorem has been shown for projective X in [BKS19]; as far as we know, the extension to quasi-
projective X in the context of framed representation moduli is new. Moreover, the above extension to
quasi-projective schemes thus defines a shifted symplectic structure on the derived character variety

Rep, (A)/ GL,

when A is a smooth commutative algebra of finite presentation and the stack is equipped with a Calabi-Yau
structure. We expect that this symplectic structure agrees with the structure obtained in [Yeul8] on derived
character varieties.

1.4 Notation and Conventions

All categories considered are without further comment co-categories and all functors derived functors/functors
between oo-categories [Lur(09a]. For example, Hom denotes the derived functor R Hom, ® denotes the de-
rived functor ®T, etc. Schemes are likewise assumed derived (see [GR17] for an introduction). Any object,
map, or functor will be explicitly called “classical” if it is supposed to be the underived version. We always
work over a fixed field k of characteristic 0, and our gradings will always be cohomological. All algebras
are assumed to be unital.

Our running assumptions on stacks is that they are locally almost of finite type (laft) with affine diagonal.
The exception is in Section 3, where we use the big stacks of quasi-coherent complexes (which are not laft).
If X is a scheme or stack, we denote by X °l the classical truncation [GR17, Chapter 2]. We use sans serif
font for names of categories; e.g., Perf(X) denotes the (oo, 1)-category of perfect complexes on a scheme
or stack X, and we use ordinary font for names of stacks; e.g., Perf(X) is the stack of perfect complexes on
X.



1.5 Glossary of Categories

Since k is assumed to be a characteristic O field throughout, the category CAlg, (often denoted simply
CAlg) is the category of commutative differential graded k-algebras. CAlg=® C CAlg is the full subcategory
of connective commutative algebras. It is our model for (the opposite to) the category of derived affine
schemes, and we write Aff for its opposite category.

We denote by Alg, the category of associative differential graded k-algebras.

For A € Alg;, we let LMody4 denote the stable category of left A-modules. Similarly, RMod4 denotes the
stable category of right A-modules. In particular, if A € CAlgx C Algy, then we denote LMody =: 4 -mod
and QCoh(Spec A) := A-mod. The subcategory of compact objects is denoted by LPerf,; in the case
that A is commutative, we write Perf(Spec A) := A-perf. The category A -mod comes equipped with a
canonical ¢-structure defined in [GR17, Chapter 2 Section 1.2].

For a prestack X, we let QCoh(X) := limgpec 4—x A -mod, where the limit is taken over all derived
affine schemes mapping to X. We also have the category Perf(X) := limgpe. 4 x A-perf.

We denote by Mory the Morita (0o, 2)-category of k-algebras, bimodules, and intertwiners of [Haul7].
Informally, objects of this category are algebras, 1-morphisms A — B are (A, B)-bimodules, and 2-
morphisms are intertwining bimodule-homomorphisms.

We denote by Pr" the (oo, 2)-category of presentable (oo, 1)-categories, colimit preserving functors,
and natural transformations as in [Lurl7].

We let Cat denote the (o0, 2)-category of all (oo, 1)-categories, colimit preserving functors, and natural
transformations.

The category of spaces, equivalently, of co-groupoids, is denoted Spc. This category admits a natural
inclusion Spc < Cat.
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2 Domain Walls

2.1 Dualizability

Consider the Morita (o0, 2)-category of k-algebras, bimodules, and intertwiners, Morg, which is defined in
e.g. [Haul7]. We will say simply ‘“2-category” in the sequel, but we always mean “(co, 2)-category.” We
now record some basic results implied by [GS18, Theorem 5.1].

Proposition 2.1 (Gwilliam-Scheimbauer). Every object A € Mory is dualizable with dual A°P, coevaluation
x Aag Ao, and evaluation goog4 Ak -



Since we’re in a 2-category, it is natural to ask for dualizable 1-morphisms in addition to objects. For
this, we require unit and counit 2-morphisms which exhibit a given 1-morphism as dualizable [LurO9b]. For
example, a 1-morphism M : A — B is right dualizable with right dual M R if there exist unit and counit
maps,n: A — M ®gMRande: MR®4 M — B, such that the following compositions compose to idas
and 1dy, &, respectively [Lurl7, Definition 4.6.1.1].

M=Ax, M Y Mo MR, M %5 Moz B=M

idy, R ®N £®id
MR=MR@ A" MR, Moz MR — 5 Boy MR = MR,
Lemma 2.2. Let M be an (A, B)-bimodule. Then there are canonical evaluation maps

Homp (M, B) ®4 M — B
M ®p Homy(M, A) — A.

Proof. The functor
— ®4 M : RMod4s — RModp
has a right adjoint Homp (M, —), and the counit of the adjunction evaluated at B is precisely
Homg(M, B) ®4 M — B.
The proof of the existence of the evaluation
M ®p Homy (M, A) — A
1s similar. [l

Proposition 2.3 (Lurie). Let M be an (A, B)-bimodule viewed as a 1-morphism in Morg. Then M has a
left (resp. right) dual if and only if it is a perfect A-module (resp. B-module) with left (resp. right) dual
ML = Homy (M, A) (resp. MR = Homp (M, B)).

Proof. Propositions 4.6.2.1 and 4.6.2.13 of [Lurl7] state that M is left dualizable as an (A, B)-bimodule
if and only if the restriction of M to an A-module is left dualizable. We then observe that dualizable A-
modules are precisely the perfect A-modules by [Lurl7, Proposition 7.2.4.2]. The existence of the left dual
implies that the functor

— ®4 M : RMod4y — RModp

has a left adjoint given by —®p M L by Proposition 4.6.2.1 of op. cit. Since M is perfect as a left A-module,
then (the dual to) Proposition 7.2.4.4 of op. cit. shows that

—®4 M* : RMod4 — k -mod
is given by the functor corepresented by M, i.e. by Homy (M, —). This identifies
A4 MY =~ MY = Homy (M, A).

The proof for M ® is similar. O]



2.2 Trace Maps I

By [BN19, Section 3.4], any continuous (that is, colimit-preserving) morphism M : A — B of dualizable
objects in Mori which is furthermore equipped with a continuous right adjoint defines a map

HH, (A) — HH.(B)

between the Hochschild homologies of 4, B. We call such a morphism M, which is a dualizable (A4, B)-
bimodule, a domain wall between the categories A -mod and B -mod; i.e., M defines a colimit preserving
functor between the categories A -mod and B -mod which moreover has a colimit preserving right adjoint.
For example, we have a functor

M, : A-mod — B -mod
K—K®q M.

The map
Mg : HH,.(A) — HH.(B)
is defined as follows. (Right) dualizability ensures we have unit and counit maps
nA—>M®egM~E
e:M®®4M — B,
where M ® = Homp (M, B) is the right dual of M. We thus obtain a map of k-vector spaces

HH.(A) >4 ® M®zMR=B ® MR®,M — HH.(B). Q.1
A® AP B®Bor

Moreover, this map admits a canonical S 1—equivariant refinement by [HSS17, Theorem 2.14].
We claim that the trace map studied in [BKR13] exactly arises from such a domain wall construction.

Lemma 2.4. Let A € Alg be an associative algebra over k, and let QA — A be a semi-free dg, i.e.
cofibrant, resolution of A. Denote by B = [L(A), its derived n-dimensional representation homology, i.e.
the left derived functor of (—), applied to 4, and let M = B”. Then M is a (Q A, B)-bimodule.

Proof. The unit of the adjunction ((—),, M,) is a map of algebras QA — M,(B) = Endg(B"), which is
a (QA, B)-bimodule structure on B”". m

Remark 2.5. Since the quasi-isomorphism QA — A induces a Morita equivalence, we see that M has an
(A, B)-bimodule structure.

Since M is a perfect B-module, it is right dualizable and hence defines a domain wall between the
B-models associated to QA4 and B. By Proposition 2.3 it has a right dual given by M ® = Homp(M, B),
and

M ®p MR ~ Endg (M) =~ M,(B).
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Proposition 2.6. In the setting of Lemma 2.4, the map
0A ®gagoar OA - QA ®pagoan M ®p MR
induced by the domain wall given by M is exactly idg 4 ®n, where 7 is the unit of the adjunction ((—),, Mp).

Proof. M is right dualizable with right dual M®. Thus, MR, viewed as a 1-morphism in the Morita 2-
category, has unit given by

0A— M ®p MK,

and this is the unit of the adjunction

—®oaM 4 —® MR
Under the isomorphism

M ®p M® =~ Endg(M),
this unit is the map

QA — Endg(M)

which defines the left Q A-module structure on Endg(M). On the other hand, the left Q A-action on

Endp (M) = M,((QA)n)
is induced by the unit of the adjunction ((—),, M),

noa: QA — M,((QA),) = Endp(M).

Thus, we see that the units of the two adjunctions in question are the same, so the map in the statement of
the Proposition is idp4 ®1p4. O]

Let B € CAlg be a commutative algebra, and let Map(S!, Spec B) =: &£ Spec B be the loop space of
X = Spec B. There is a canonical inclusion map X — £ X given by constant loops, which corresponds to
a map of algebras

HH.(B) = O(£ Spec(B)) — B. (2.2)
Further, this map is equivariant with respect to the S'-actions on £ X and X, where S! acts on X trivially.

Proposition 2.7. Let Alg=® C Alg denote the full subcategory of connective associative algebras. Consider
the functors

HC,, L(-), : Alg=® — Vect,

where in this case L(A4), denotes the underlying vector space of the connective commutative algebra.
Suppose given natural transformations

o, B :HCy = L(—),

11



such that for every finite-dimensional vector space V with tensor algebra 7 (V) := @@, V" € Alg=’, the
maps

HY(HC.(T (V) = (T (V)
induced by a5 (y) and B () agree. Then

a = f.

Proof. Both HC, and [ (—), preserve sifted colimits. Indeed, Hochschild homology is computed via the
geometric realization of the cyclic bar construction, whose composition preserves sifted colimits. Similarly,
S!-coinvariants is a colimit; hence, HC, preserves sifted colimits. On the other hand, the functor IL(—), is
a left adjoint, and the forgetful functor CAlg=" — Vect also preserves sifted colimits.

Let Alg® C Alg=° denote the subcategory spanned by algebras of the form 7 (V) with V a finite-
dimensional vector space concentrated in degree 0. By the remarks after Corollary 7.1.4.17 of [Lurl7],
the category Alg=® = P (Alg®), which means that every connective associative algebra can be expressed
as a sifted colimit of algebras of the form 7 (V). Thus, it is sufficient to show that « =~ S on this full
subcategory. Since 7 (V) is cofibrant for any V', we see that

LTV )n = (T (V)

Moreover, the underlying vector space of this algebra is in the heart of Vect. On the other hand, HC(7 (1))
is connective, so that we can identify

Hom(HC.(7 (V). (T (V))n) = Hom® (H (HC.(T (V)). (T (V))n),
where the RHS is the inner Hom in Vecto; in particular, it is a discrete space. Since we also have
HYHC.(T (V) = T(V)/[T(V), T(V)],
we see that a point of Hom(HC. (7 (V)), (7 (V)),) is uniquely determined by a map
TI/NTW).TW)] = (T (V).

Now, the space of natural transformations between HC, and L(—), is a limit of the mapping spaces
Hom(HC. (7 (V)), 7 (W)) which are all discrete because the source is connective and the target is in the
heart. Thus, the limit is O-truncated, so the above identification of points is sufficient to identify the natural
transformations. Since by assumption the maps induced by a7 (yy and B () agree and are of this form, we
conclude that

5
Il
=

Let A € Alg=° be a connective associative algebra, and set

B := L(A)n.

12



Denote the unit of the adjunction (L(—),, M,) by n : A — M,(B), and denote M := B" the (A4, B)-
bimodule of Lemma 2.4. Since M is perfect as a right B-module, it is right dualizable and hence induces,
by [HSS17, Theorem 2.14], a canonical S!-equivariant map

HH.(A) — HH,(B).
Composing this with the canonical map HH,(B) — B given by (2.2), we obtain an S'-equivariant map
HH, (A) — triv(B), (2.3)
where triv(B) denotes the underlying vector space of B equipped with the trivial S!-action.

Theorem 2.8. Under the adjunction
(—)s1 : Vect®' — Vect : triv,
the map
HC.(A) — B
induced by (2.3) is the trace map of [BKR13].

Proof. We first claim that the map

t4 : HCL(A) - B
induces a natural transformation

t :HCy = L(—)n.

Indeed, by applying to 1 the functor Alg — Mor which sends maps to base change bimodules, we see that

the assignment A ~> (A y—) L(A),) assembles, by functoriality of extension of scalars, into a coherent
family of 1-morphisms A — M, (B), because in Mor, we have the Morita equivalence M, (B) =~ B which
is natural in B (since M, (B) =~ M, (k) ® B)). Furthermore, by naturality of the trace functor of [HSS17,
Theorem 2.14], we thus obtain an S!-equivariant natural transformation

HH, — L(—),,

which thus induces the natural transformation ¢. The trace map 6 of [BKR13] is also a natural transforma-
tion by the remarks around Equations 4.3 and 4.4 of op. cit.; moreover, these are natural transformations
with the same source and target, since by [HSS17, Proposition 4.24 and Remark 6.12], the S!-structure
on the sources are the same, functorially in A. Thus, by Proposition 2.7, it suffices to show that the two
natural transformations ¢ and € agree on zeroth cyclic homology of algebras of the form A = 7 (V') with VV
a finite-dimensional vector space. Letting B = (7 (V)), = L(T(V)), and n : T (V) — M,(B), we have
the associated bimodule M = B™. We can now work element by element. Let ey, ..., e, be the standard
basis of M with dual basis e}, ..., eY in MR = Homg(M, B). The map

>Tn

TWIM/T V). TW)] = (T (V)
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induced by M is explicitly
ar> Y el (n@e).
which is just the ordinary trace
Y e (n(@)er) = tr(n(a)).

Indeed, we can calculate this at the chain level as follows. We need only identify the map in question on
H°. There, the first map sends

A/[A, A] >H(A ®ag4% My(B)) = M, (B)/[A. M,(B)]
a—n(a).

This is then sent to
M,(B)/[A, My (B)] »H’(A ®4g4» M ®p Homg(M, B))
@)~ n@e; e
Now, under the isomorphism
A Ragar M g MR = MR @4 M Qpgp B,
we see that
Y n@e ®ef =Y e ®n(ae;.
Finally, this is sent via ¢ ® idp, where ¢ is the counit duality datum for M, to the element
> e (n(@)er).

as desired.
Moreover, since B is commutative, B/[B, B] = B, so the constant loop map on zeroth Hochschild
homology is the identity. Thus, 75 () induces the map

a — tr(n(a)),

which is precisely the definition of the Berest-Khachatryan-Ramadoss trace, as in e.g. [BR22, Section
3]. [

3 Extension to Stacks

3.1 Definition

Let € be a category. Note that € defines a moduli functor Xe, which is the composition of the functor

Aff® —>Cat
S € ® QCoh(S)

14



with the right adjoint to the inclusion Spc < Cat. Informally, this functor can be described as sending a
map of affines f : S — S to

€ ® QCon(S) =21, € © QGon(s)),

where for a category 4, A denotes the maximal subgroupoid of .

Remark 3.1. This functor has as a subfunctor the perhaps more familiar moduli functor of pseudo-perfect
complexes Me of [TVO7].

Proposition 3.2. If € = QCoh(X), the category of quasi-coherent sheaves on a prestack X, or € = A -mod
is modules over an associative algebra A, then X is a stack.

Proof. Let A be an associative algebra and € = A -mod. Given a faithfully flat map of commutative alge-
bras B — C, we can form its Amitsur complex (C/B)., which is by definition the underlying cosimplicial
algebra of the Cech nerve of Spec C — Spec B. To prove descent for X4 .mog, it thus suffices to provide an
equivalence

lim(A -mod ®(C/B)e. -mod) =~ A -mod ®(lim(C/B),)-mod.
By faithfully flat descent, we have
(lim(C/B),) -mod = lim((C/B)e -mod).

Hence, it suffices to show that the Lurie tensor product with A -mod commutes with this limit. By construc-
tion, this tensor can be identified with colimit preserving functors between stable categories, since A -mod
is dualizable in Prt (with dual A -mod¥ = A°° -mod):

A-mod ®(lim(C/B),) -mod == Mapp,.((4 -mod)", (lim(C/B).) -mod).

Since the Map functor commutes with limits in the second variable, we have the result.
If X is a prestack, then for € = QCoh(X), Xe is given by

Swm,

which is the composition of the functor Q/m—/) with X x — by [GR17, Chapter 3 Proposition 3.5.3].
Now, given a cover S’ — S, X x — applied to the Cech nerve of this map is also a Cech nerve (of the map
X x 8" — X x 85). Since the functor QCoh(—) satisfies descent and passing to the maximal subgroupoid
is a right adjoint, the composite Xe satisfies descent, too. []

Lemma 3.3. Let Vect := X} o9 denote the stack of quasi-coherent complexes, so Vect(S) = QCoh(S).
If € = QCoh(X) is the category of quasi-coherent sheaves on a perfect stack or if € = A -mod is modules
over an associative algebra A € Alg;, we have a natural transformation

Xe — Vect.

Remark 3.4. In the case of € = A -mod, this natural transformation depends on the presentation of € as a
module category. When we write € = A -mod, we always implicitly choose such a presentation.

15



Proof. Let € = A-mod be modules over an associative algebra. We claim restriction of modules defines a
natural transformation

Xe — Vect.

Given a map B — C of algebras, we need to show that the following diagram commutes, where the
horizontal arrows are restriction and the vertical arrows base change.

(A® B)-mod —— B -mod

| |

(A® C)-mod —— C -mod
Indeed, this follows from the isomorphism
M ®4e ARC =M ®pC.
Now, let € = QCoh(X) for X a perfect stack. Consider the assignment

Xe(S) = QCoh(X x §) — Vect(S) = QCoh(S)
F pF,

where p : X xS — § is the projection. We claim that the assignment ¥ +— p..J is natural in S. Explicitly,
given f : S — S’ amap of affines, we need to check that the following square commutes

Xe(§) — Xe(S)

| |

QCoh(S’) —— QCoh(S)

This is equivalent to checking base change for the square

XXSM)XXS/

L |~
s —L 5

Since S" and X x S’ are perfect, so is the map p’. Hence, base change holds by [BFN10, Proposition
3.10]. [

Remark 3.5. If X is a qcgs scheme, then, as in [Toe06, §8.3], we can present
Xacon(x)(S) = QCoh(X x §) = Map(QCoh(X), QCoh(S)),
and a sheaf & € QCoh(X x §) corresponds to the map
ge 1 F > ps«(px F ® &).

In particular, by applying ¢g to the structure sheaf Oy, we recover the map defined in the lemma above. In
fact, by [BFN10, Theorem 4.14], this is the case for any perfect stack X.
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We henceforth only consider categories € of the type considered in Lemma 3.3. For a category € of the
form QCoh(X) with X a perfect stack or A -mod with A an associative algebra, we define its n-dimensional
representation moduli as

Rep,(€) == Xe Xveer {k"},

where the map Xe — Vect is the map of Lemma 3.3 and pt — Vect classifies k”.

Remark 3.6. This definition depends not only on the abstract category €, but also on the map to Vect defined
either by Lemma 3.3 or by the presentation € = A -mod (with its natural restriction functor to Vect). In
particular, this definition is not Morita invariant.

Theorem 3.7. If € = A-mod with A an associative algebra, then Rep,(A) = Rep,(A4) is the derived
representation variety of A.

Proof. Let QA = A be a cofibrant replacement of A in associative algebras. Since A-mod =~ QA -mod,
we also have

(A® B)-mod =~ (04 ® B) -mod.

Moreover, this equivalence respects pushforward of modules [Hin97, Theorem 3.3.1]; thus, we are free to
assume A = QA is cofibrant.
In [Lurl7, §4.7.1], Lurie shows that given a category € and an object M € €, there is an equivalence

Mapagce) (4. End(M)) 2 LMod, (€) xe {M}

for any A € Alg(€), where End(M)) is the “universal endomorphism algebra of M.” By construction, this
is natural with respect to colimit preserving functors F' : € — 9. Now, consider the categories

€ =B -mod
D =C -mod,

for B, C k-algebras, the object M = B", the algebra A ® B € Alg(€t) = Algg/, and the functor F' = f*:
€ — P for a map of algebras f : B — C. By construction, the universal endomorphism algebra is just
usual endomorphisms in this case. Thus, Lurie’s equivalence becomes an identification

Hompg(A4, M, (B)) = Mappyee)(4 ® B,End(B")) = X4 -moa(Spec B) Xveci(spec B) 1B}

where the LHS of his equivalence is identified with Rep, (4)(Spec B) by the tensor-hom adjunction. It
remains to check that under tensor-hom, the functor f* on mapping spaces identifies with the map

M, (f) : Homag(A, M, (B)) — Homag(A4, M,(C)).

In other words, we just need to check that tensor-hom is natural with respect to maps f : B — C. This
would provide an identification of the S-points of both Rep,,(4) and Rep, (X), together with naturality in
the test affine S. Indeed, given

f*¢ is sent, under tensor-hom, to f*¢(— ® 1¢). On the other hand, the canonical isomorphism M, (B) ®p
C = M,(C) is obtained by sending M ® ¢ — (f(M;;)c), where M € M,(B) is a matrix and M;; €
B are the entries. Thus, under tensor-hom, f*¢(M) is sent to the matrix (f(M;;)1¢c) = (f(M;;)) =
M, (f)(M). u

17



3.2 Examples

Example 3.8. Let € = QCoh(P'). Then points of Rep,(€)(k) are pairs of sheaves ¥ € QCoh(X) and
isomorphisms

o:(PLF)> km.
If ¥ is coherent, then we can write

F =P e@oE)eT e o-Dim.
i j k

where d; > 0, ¢; < —2, T is a torsion sheaf of length £, > (d; + 1) + > (—e; — 1) + £ = n, and the my
are arbitrary. For families, points of Rep,, (€)(S) are pairs of a sheaf ¥ € QCoh(PP}) and an isomorphism

@ ps+F — OF,

where pg : P§ — S is the projection. Over geometric points p of S and ¥ coherent, ¥ |r}>§ is as before,

except the sheaves O(d;), O(e;j), O(—1) are relative to S and 7 is finite flat of rank £ over S . Note that due
to the appearance of arbitrarily many summands of @(—1) in ¥, there is no reason to expect Rez,(€) to
be quasi-compact.

Example 3.9. In this example, we will assume that k is algebraically closed. Let € = QCoh(BT) for T
a torus. Then points of Rep,(€)(k) are arbitrary T -representations V' together with isomorphisms ¢ :

yT = k™, where VT denotes T-invariants of the T-representation V. Recall that QCoh(BT') decomposes
as

QCoh(BT) = Rep(BT) = B Vect;.
AeX*(T)

where X *(T) is the character lattice and Vect, denotes representations V' where T acts by the character A.
In particular, given a representation V/,

V= EB Vi,

AeX*(T)

and VT = Vj is the O-weight space. Thus, k-points are given by T-representations V with the A = 0

weight having multiplicity n together with a point of GL,, (k) which identifies 1 =k
When we pass to S-points, we now have families of T-representations & € QCoh(BT x §) with a

trivialization pg.F 5 O%, where ps : BT xS — S, i.e. an element of GL,(S). As in the case S = pt,
we have a decomposition

QCoh(BT x S) = QCoh(BT) ® QCoh(S) = @5 QCoh(S);.
AeX*(T)
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where QCoh(S), := Vecty ® QCoh(S) denotes sheaves on S whose underlying vector space is a T'-
reprsentation with weight A. Thus, we see that an S-point is given by a sheaf ¥ € QCoh(S) with a
decomposition

F= P 7.

AeX*(T)

together with an isomorphism %, — 0%, which is an element of GL,(S). If we restrict to coherent, rather
than quasi-coherent, sheaves (cf. Section 4.1), then we see that the classical truncation of the coherent
moduli is given by

11 [[BGLn,.
m: X*(T)~{0}—>N A
where m), = rk(¥)) and m has finite support.

Example 3.10. As in the previous example, we still assume that k is algebraically closed. Let € =
QCoh(BG) for G areductive group. If V € Rep,(QCoh(BG))(k), then (V,¢) € QCoh(BG) = Rep(G)

is a pair of a G-representation V' equipped with an isomorphism ¢ : V¢ := Homg (k, V) = k”. There is
a decomposition

Rep(G) =~ l—[ Vect,
P

where the product is over irreducible representations p of G, because k is algebraically closed of character-
istic 0 and G is reductive. Thus, the representation V' decomposes as

V%kn®ptriv® @ Mp®pa
p?éptriv

where the first summand is the trivial isotype and the other summands are irreducible representations p with
multiplicities M.
Passing to S-points, as in the case of BT, we have families of G-representations ¥ € QCoh(BG xS§) =

QCoh(BG) ® QCoh(S) together with isomorphisms ¢ : ps«F 5 O%. As in the case of k-points, we have
an isotypic decomposition

F =P M ®p.
p

where the M, € QCoh(S) and the isomorphism ¢ induces M,, — O%F. If we restrict to coherent
sheaves—G-equivariant vector bundles on S, then the classical truncation of the moduli has a presenta-

tion as
[T ] BGLn,.

m P Py

where the coproduct is over all assignments with finite support of multiplicities to irreducible representa-
tions p.
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4 Trace Maps 11

In Theorem 2.8, we have constructed an S'!-equivariant trace map
HH.(A) — L(A),,

which corresponds by the universal property of S!-coinvariants to a trace map
HC.(A) — L(A),,

arising from a domain wall between the field theories defined by A -mod and L (A), -mod. We claim that
we have such a domain wall for representation moduli defined by the “universal representation.” More
precisely, given a quasi-projective classical scheme X, we will show that there is a Fourier-Mukai integral
transform from QCoh(X) to

QCoh(Quot’(’p’,)f,: (X)),

where Quot’é’ﬁr(X ) is a derived enhancement of the framed locus of the Quot scheme of points on X relative
X
to Oy . This scheme will be constructed as a substack of “coherent representations:”

,ﬂe]z“’h(X) := Cohprop(X) Xveot pt C Repe, (X)),

n

which is the substack of Rez, (QCoh(X)) of coherent sheaves with proper support (as in [PS22]). This in-
tegral transform will formally induce a map on Hochschild homologies, which, composed with the constant
loop map

Quot’(’g’,,)f:(X ) > & Quotg’;(X ),

will give a generalization of the trace map of [BKR13] (see Theorem 4.17).

4.1 Coherent Representation Moduli and Derived Quot Schemes

We now recall the definition of derived coherent sheaves relative to a morphism of stacks. The following
definitions can be found (with homological, rather than cohomological conventions) at the beginning of
[PS22, §2]; we reproduce them here for the reader’s convenience. Recall that for A € CAlg, an A-module
M is said to be almost perfect if it is eventually connective and all truncations =/ M are compact in
A -mod='. We denote the full subcategory of A4 -mod of almost perfect modules by APerf(Spec A). For any
prestack X, we can define its category of almost perfect complexes

APerf(X) := Shn}( APerf(S).

Given a morphism f : X — S in Stk, a quasi-coherent sheaf ¥ € QCoh(X) has tor amplitude > —n
relative to S if for every ¥ € QCoh(S)",

H'(F® 9 =0
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fori ¢ [0, n]. The full subcategory of APerf(X) spanned by sheaves of tor amplitude > —n relative to S is
denoted APerfs " (X). Define

Cohs(X) := APerfz’(X)

as the category of flat families of coherent sheaves on X relative to S. By Lemma 2.4 of op. cit., the
assignment

Aff®® —Spc
S |—>C/om

defines a stack Coh(X) called the derived stack of coherent sheaves on X. Now, if X — § is a map of
schemes locally almost of finite type (laft) and ¥ € APerf(X), we say that ¥ has proper support relative
to S if there is a closed subscheme Z < X such that Z — § is proper and ¥ |[x.z =~ 0. Denote the
category of almost perfect complexes with proper support by APerfy,,(X). For a quasi-projective classical
scheme X, define the stack of coherent sheaves with proper support as

Cohprop (X)) := APerf,0p(X) Xaperr(x) Coh(X).
Remark 4.1. In [PS22], this stack is defined as
Perfprop (X) XPerf(X) COh(X) s

but the map Coh(X) — Perf(X) does not exist unless X is smooth (see [PS22, Lemma 2.18 and Corollary
2.19]). The first author of op. cit. has informed me in private correspondence that this fiber product was
intended to be as in our definition above.

Example 4.2. Let X = Speck|[x]/(x?), k € QCoh(X), and pt = Speck. Then k is almost perfect, as it
has bounded, coherent cohomologies. It is also of tor amplitude O relative to pt, since if V € Vect”, then

k ki) k[x]/(x*) @ V) =V

is tor amplitude 0. But it is not perfect, since it has infinite projective dimension as a k[x]/(x?)-module.
Thus, it is not an object of

Perfirop (X) (Pt) X apert(x) ) Coh(X) (pt).

Since our eventual goal is a definition of the representation moduli and, for an algebra A, k € Rep,(A4)(k),
we see that the definition of the stack of coherent sheaves with proper support given above is more suitable
for a definition of representation varieties.

Proposition 4.3. Let X be a classical quasi-projective scheme. Then the stack
Cohprop(X)

is a 1-Artin stack locally almost of finite type with affine diagonal.
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Proof. The proof of Proposition 2.29 of [PS22] applies verbatim, as it does not use the fact that the moduli
parametrizes perfect, rather than almost perfect, complexes. Similarly, the morphism Coh(X) — APerf(X)
is an infinitesimally cohesive and nilcomplete morphism of stacks which are themselves infinitesimally
cohesive and nilcomplete. Since these properties are stable under base change (cf. the proof of Corollary
2.14 of op. cit.), it follows that Cohpop(X) — APerf,op(X) is infinitesimally cohesive and nilcomplete. It
remains to check that APerf,,,,(X) — APerf(X) is infinitesimally cohesive and nilcomplete. Once we have
this, we can use [Lurl8, Theorem 18.1.0.2] to conclude that Cohy,,,(X) is a 1-Artin stack locally almost of
finite type.

We now need the following result, which says that proper support is detected on the classical truncation
(in fact, on the underlying reduced, classical scheme).

Lemma 4.4. If S is an affine scheme and i : X X S,,g — X X § is the inclusion, then # € APerf(X x S)
has proper support relative to S if and only if i *¥ has proper support relative to Syeq.

Proof of Lemma. The forward implication is immediate by base change, while the reverse implication can
be seen as follows. Suppose i *¥ is supported on a closed subscheme Z <> X X Syq such that Z — Sp4
is proper. Then the composition Z — S, — S is also proper, so we see that Z is a closed subscheme of
X x S proper over S. Denoting U := (X x S) ~ Z, we see that i *(¥ |y) = 0. It is now sufficient to recall
that pullbacks to geometric fibers are jointly conservative on almost perfect complexes to conclude. ]

Now, to show that APerf,,,(X) — APerf(X) is nilcomplete, we would like to show that given an affine
S and S, = ©>,9 its truncations,

Al)erfprop (X) (S) - APerf(X) (S) Xlim APerf(X)(S,) lim APerfprop(X) (Sn)

is an equivalence. If ¥ € APerf(X x §) and every ¥ |xxs, has proper support, then its restriction to Sieq
has proper support. Thus, ¥ has proper support by the above Lemma. This proves essential surjectivity,
while fully faithfulness follows from the fact that the map APerf,,,(X) — APerf(X) is an inclusion.

To show infinitesimal cohesiveness, we follow the proof of [PS22, Lemma 2.13]. Let S = Spec 4 be
an affine scheme, M € QCoh(S)=!, S[M] := Spec(4 ® M), and d : S[M] — S be a derivation, and
consider the pushout diagram

SM] —4— S

b e

§ —— SalM[-1]

where dj is the O derivation. Notice that all of the schemes in the diagram above have the same clas-
sical reduction S,.4. Let ¥ € APerf(X x S;[M[—1]]), and suppose the restrictions of ¥ along f, fo and
fd = fodo have proper support. Since the subsequent restrictions to S.q give the same almost perfect com-
plex with proper support, we see that & has proper support over Sy[M [—1]] by Lemma 4.4. This proves
essential surjectivity of the relevant map; fully faithfulness follows because APerf,,,(X) — APerf(X) is
an inclusion.

Finally, the stack Cohy,,,(X) has affine diagonal by [GR17, Chapter 2 Corollary 3.2.8], as its classical
truncation is the stack of coherent complexes with proper support, which has affine diagonal by [Aut, Tag
ODLY]. 0
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Theorem 4.5. Let € = QCoh(X) for a classical quasi-projective scheme X. Then Rep,(€) has a sub-
stack

n

Reﬂ.:oh(X) c— Cthrop(X) Xvect Pt C ﬂeﬁn(f),

called the coherent representation moduli, which is a 1-Artin stack locally almost of finite type (laft).
Moreover, this stack has affine diagonal.

Proof. We will show that [Rengfh(X ) is an open substack of a stack 'V which is affine and almost of finite
type over Cohp,op (X ). This proves that :Reﬁffh(X ) is quasi-affine and almost of finite type over Cohy,, (X).
Since Cohyyep(X) is 1-Artin and laft by Proposition 4.3, this proves that R e gz;"h (X) is also 1-Artin and laft.
We first show that if & € Cohp,p(X)(S) is an S-point, then Vg = pg«&, where pg : X x § — §,
is perfect and its construction commutes with arbitrary base change. Indeed, to see that we have base
change, it is sufficient to observe that pg is schematic quasi-compact, hence satisfies the conditions of
[GR17, Chapter 3 Section 2.2]. By [PS22, Proposition 2.28], Vg is almost perfect. Let M € QCoh(S )©.
Then Ve @y M = ps«(E ®p, ps=M) by the projection formula ((GR17, Chapter 3 Lemma 3.2.4]). By
definition of &, & ®@, ps+M is tor amplitude 0. Since X is quasi-compact, there is a finite Zariski cover;
thus, for ¥ € QCoh(X x S)°, p.F is computed by a finite Cech complex where the terms are 7-exact
pushforwards of restrictions of ¥. Thus, p.¥ is of finite tor amplitude; moreover, it is coconnective. It
follows that Vg is almost perfect of tor amplitude [0, a], hence perfect [Lurl7, Proposition 7.2.4.23].
Because of the base change compatibility of the definition of Vg, the assignments & +— p.& glue to
give a perfect complex V € Perf(Cohyop(X)). Then (V") is a connective perfect complex; hence, defines

a stack
b4
Vo= SpeCCthmp(X) Sym(('V”)V) — Cthrop(X)

which is affine almost of finite type over Cohp,(X). Notice that S-points of V are precisely given by
S-points f : S — Cohyop(X) together with a map O — f*V = pg.& by the base change compatibility
of V. We thus see that S-points of V are pairs of an almost perfect complex & on X x S and a map

It remains to show that Re p;‘)h (X) is an open subfunctor of this stack. Let OF, — p*'V be the universal
map, and observe that its cofiber is a perfect complex. Clearly, the locus where that cofiber vanishes is
open; moreover, that locus is precisely the locus where the map

oy — p*v

is an isomorphism.
Now, we will show that Rep(X) has affine diagonal. Note that Cohyyep(X) has affine diagonal by

n
Proposition 4.3. Since ¥V — Coh,,op,(X) is affine, it is separated, so the diagonal

AV V=V XCohpmp(X) W

is also affine. We see that the diagonal of Rep " (X) factors as

n

Agopsiniy | REP(X) = Repi™(X) Xeonu () Repi(X) — RepS(X) x Reps(X),

n n n n n

where the first map is affine because the map !Reﬁffh (X) — Cohpop(X) is quasi-affine, hence has affine
relative diagonal (it is a base change of Avy), and the second is affine because it is the base change of the

affine diagonal of Cohpop(X). O

23



For a classical quasi-projective scheme X, we have the substack
Coh=2 (X) C Cohyop(X)

<0

orop(X) has a decomposition

of sheaves whose proper support is dimension < d. The stack Coh

Coh=0,(X) = [ [ Cohf (x)

prop
meNg

by substacks of sheaves with Hilbert polynomial identically equal to m, which follows from the decompo-
sition of the underlying classical stack. In particular, we have a stack

Cohg (X)
of length n sheaves on X.

Corollary 4.6. Let X be a quasi-projective classical scheme. Then the fiber

Quot’s (X) := Coh? (X) Xvee pt C Rep,(X)

Ox
is a quasi-compact scheme almost of finite type with affine diagonal.

Proof. Since

Y = Quot'gg (X) C Rept™(X)
has classical truncation a scheme of finite type by the proof of [KV22, Proposition 4.4.1], it is a quasi-
compact scheme almost of finite type. This immediately implies that ¥ is Deligne-Mumford since its clas-
sical truncation is [Kha26, Definition 8.5.7(ii1)]. One can then use [Lurl8, Corollary 1.6.7.4] to conclude
that Y is in fact a scheme.
Further, the scheme Y has affine diagonal because it is a substack of Rep™"(X), which has affine

n

diagonal by Theorem 4.5. [
Remark 4.7. An S-point of Quot’>(X) is thus a family & € Cohg(X)(S) together with an isomorphism

0%
=

By adjunction, this isomorphism determines a quotient map ¢ : O%, ¢ — & which is surjective on H°.
Hence, the classical truncation of this derived scheme is the open locus of the classical Quot scheme of
length n quotients whose adjoint O — pg+€& is an isomorphism. We call this the framed locus.

Even for affine X = Spec A, we don’t necessarily have that coherent representations match all repre-
sentations. Indeed, suppose A is the free commutative algebra on infinitely many generators. Then k is
not finitely presented as an A-module. By [Lurl7, Proposition 7.2.4.17], this implies that it is not almost
perfect as an A-module, hence not coherent in the above sense. However, we do have the following.

Proposition 4.8. Let A be a classical finitely presented commutative algebra. Then

Rep,, (4) = Quot’y,"(Spec A).
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Proof. Note that by Theorem 3.7, we have an inclusion
Quot;" (Spec A) <> Rep, (4),

and it is sufficient to show that this map is surjective. Let Spec B be an affine scheme. Any almost perfect
(A ® B)-module M such that M =~ B" as B-modules has support which is finite over Spec B; hence,
the coherent sheaf on Spec(4 ® B) which it defines has proper support relative to Spec B. Since the
pushforward of the sheaf corresponding to M to Spec B is locally free of rank n and its support is finite
over Spec B, it is a flat family of length n sheaves, hence, it defines a point of Cohg(Spec A). Clearly, M is
tor amplitude O over B, as, for N € B -mod®,

M 498 (AR BRp N)=2M ®p N =~ B" ®p N = N".

Thus, it is sufficient to show that any (4 ® B)-module M with an isomorphism M 2 B" is almost perfect.
We will first prove the following.

Lemma 4.9. Let R — S be a map of connective algebras such that S is almost perfect as an (S ®g S)-
module. If M is an S-module which is almost perfect over R, then it is almost perfect over S

Proof of Lemma. Without loss of generality, we can assume that M is connective; indeed, since M is
almost perfect over R, it is bounded above. Let T = S ®g S, and consider the functor

—Q®s M : T-mod — S -mod,

where N ® s M has an S-module structure via the left S-action on the first factor. Since S is almost perfect
over T', we can, by [Lurl7, Proposition 7.4.2.11], choose for each m a perfect 7-module P,, equipped with
amap P, — S that has m-connective fiber. Applying —®g M, the map P,, ®s M — M has m-connective
fiber. Since P, € Perf(T), P, ®s M is in the thick subcategory of S-mod generated by S ® g M. Since
S ®r M is almost perfect over S by base change of the almost perfect R-module M and almost perfect
modules are closed under finite colimits and retracts by loc. cit. P, ®s M is almost perfect over S. Now,
if M is bounded above and for every m there is an almost perfect Q,, — M whose fiber is m-connective,
then M is almost perfect by loc. cit. ]

We would like to apply the Lemma to our situation, where R = B, S = A ® B, which will conclude
the proof that M is almost perfect over A ® B. Note that R and S are connective because Spec B and
Spec(A ® B) are affine schemes, and M is almost perfect over B. Since A is finitely presented over k,
it is almost perfect as a module over A ® A. Indeed, A ® A is left coherent (because it’s noetherian);
hence, by [Lurl7, Proposition 7.2.4.17], A is almost perfect over A ® A. Indeed, it is connective, and the
multiplication

AR A—> A
has finitely generated image. Thus, base change along a connective algebra B gives
A® B = ARsp4 (AR AR B).

so A ® B is almost perfectover A A® B =S ®r S.
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Corollary 4.10. If X = Spec A is affine of finite presentation, then

Rep™(X) = Rep, (A).

n

Remark 4.11. We have thus shown that in the case of X = Spec A of finite presentation, coherent moduli,
representation moduli, derived representation varieties, and the derived framed locus Quot'(’g’;,f(r (X) all agree.
This completes the proof of Theorem 1.2 from the introduction.

4.2 The Universal Representation
From now on, let X be a classical quasi-projective scheme. Associated to the identity map
Cohg (X) — Cohg(X),
there is a universal sheaf U on
Cohg(X) x X

defined as follows. We can extend the moduli functor Cohg (X)) from affine schemes to stacks by right Kan
extension along the inclusion Aff — Stk. Explicitly, if Z is a stack, then we define

Coh(X)(Z) := lim Cohg(X)(S).

where the limit is taken over all affine schemes S mapping to Z. Thus, there are equivalences of spaces

Map(Cobiy(X), Cobf(X)) = __ lim  Colg(X)(S).
—Cohg

In particular, we see that there is an object in

li Cohp (X)(S
st ° 0o(X)(S)
which corresponds to the identify morphism Cohg(X) — Cohg(X). Since Cohg(X)(S) C Cohpyop(X)(S) C
Coh(X)(S) C APerf(X x §), descent for almost perfect complexes implies that
APerf(Cohy(X) x X) =~ i APerf(S x X li Cohg (X)(S).
erf(CO{(X) x X) = lim  APerf(S x X) > __lim  CORj(X)(S)
This defines an almost perfect complex U € APerf(Cohy(X) x X). Moreover, if f : § — Cohg(X) is an
S-point, then the pullback of U along f xidy : S x X — Cohg(X) x X gives a length n torsion sheaf on

S x X with proper support relative to S.
Informally, this sheaf can be understood as follows. Given an S-point

(fix):§ — Cohg(X) x X

we obtain a sheaf on S x X via the map f together with a map x : S — X. By pulling back this sheaf
along the graph of x in § x X, we obtain a sheaf on S, and this is precisely the pullback of the sheaf U to
S along (f, x).
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Denote ¥ = Quot’é’;,(fr(X ). Pulling back U along

7 xidy : ¥ x X — Cohg(X) x X,
where 7 : ¥ — Cohy (X) is the projection, gives a universal sheaf on ¥ x X,
R = (r xidy)*U.
Note that (R is an almost perfect complex.

Lemma 4.12. The sheaf R has proper support relative to ¥ = Quot'(’gg(X ).

Proof. Let Z C (Y x X)®' C Y x X be the subscheme of Y x X defined by equipping the classical support
of R|(yxx)s with the reduced induced subscheme structure. Note that Z is closed because R is almost
perfect and flat relative to Y'; hence, its restriction to the classical truncation is a coherent sheaf in degree 0
and therefore has closed support. Since an almost perfect complex is 0 if it is 0 on the classical truncation,’
we see that

R|¥xx)~z = 0.

It remains to check that Z — Y is proper, which is equivalent to checking that Z — Y is proper. Since
properness is affine-local on the target, it is sufficient to check that for S an affine open of Y, R|sxx has
proper support relative to S. We observe that Zg = S xya Z is the classical support of R|sxx with its
reduced induced subscheme structure (by [Aut, Tag 056]] applied to the cohomology sheaves of R|sxx).
Since R|sxx has proper support relative to S via the composition S — ¥ — Cohg(X) C Cohyop(X),
there is a closed subscheme Z’ C S x X proper over S with R|(sxx)~z' = 0; moreover, Zs is a closed
subscheme of Z’ by definition. Thus, we see that Z — S is proper, which proves the claim. O

Corollary 4.13. There is a closed subscheme Z C Y x X such that R|yxx)~z = 0 and the composition
Z — Y x X — Y is finite.

Proof. The scheme Z in the proof of Lemma 4.12 has finite fibers over Y'; hence, Z — Y is quasi-finite.
Using Lemma 4.12, we see that Z — Y is proper and quasi-finite, hence finite. [

n,fr

Proposition 4.14. Denote ¥ = Quot@;,( (X),and let py : Y x X — Y be the projection. We then have

Remark 4.15. This proposition shows that R is the analog in the non-affine setting of the (4, L(A4),)-
bimodule ([L(A),)" of Lemma 2.4.

Proof. By considering the Kan-extended functor of points of Y, which takes values on stacks, we see that
the map ¥ — Y is a tautological point of Y (Y); hence, there is a universal equivalence O} = py«R.
Indeed, given y : S — Y, the composition

S35y 5 coh(X)

'If B is a connective commutative algebra and M is a bounded above B-module with highest nonzero cohomology module
in degree m, then H™ (H°(B) ® 3 M) = H™ (M), and this is nonzero if and only if H” (M) is. Thus, we see that restriction to
the classical truncation is indeed conservative on bounded above complexes.

27



thus classifies a sheaf on S x X, and this sheaf corresponds to the sheaf on § x X
Rlsxx = (y xidy)*R = ((r o y) xidx)*U
by universality of U. Further, under pushforward along ps : § x X — S, we have an isomorphism
PsxR|sxx = OF
by construction of Y. Now, consider the following cartesian square

yXidy

SxX — Y xX

|rs L

S ——Y
Base change along this square gives an isomorphism

psx(y X idy)™ = y* py«,
so that
pS*tﬂleX = (pY*R)LS' = (92‘

This thus identifies

4.3 The Universal Representation Defines a Domain Wall

By Corollary 4.6, Y = Quot'(;’g(X ) is a quasi-compact scheme almost of finite type with affine diagonal;

hence, it is perfect in the sense of [BFN10]. Since X and Y are perfect, we have equivalences
QCoh(Y x X) = QCoh(Y) ® QCoh(X) = Mapp.(QCoh(X), QCoh(Y)),
by e.g. [GR17, Proposition 3.3.4.2]. Thus, the sheaf R defines a left adjoint functor

®@x : QCoh(X) —QCoh(Y)
F oprs (3F ® R),

where py and py are the corresponding projections from Y x X. This functor abstractly has a right adjoint,
but this right adjoint may not necessarily preserve colimits and hence may not be a right adjoint in the

category Pr-.

Proposition 4.16. Let X be a quasi-projective classical scheme. Then the right adjoint of @g preserves

colimits.
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Proof. It is sufficient to show that @5 preserves compact objects. Since X and Y are perfect, so is the map
py : Y xX — Y by [BENI10, Corollary 3.23]. In particular, py satisfies the projection formula by [BFN10,
Proposition 3.10]. Further, the compact objects of QCoh(Z) for a perfect stack Z with affine diagonal are
precisely the perfect complexes Perf(Z) ([BFN10, Proposition 3.9]). Thus, we need to show that given a
perfect complex & on X, ®x(P) = py«(pyP ® R) is also perfect. Denote & := py P ® R. Since by
Lemma 4.12 R has proper support relative to Y, & has proper support relative to Y and is almost perfect;
hence, py.& is almost perfect by [PS22, Proposition 2.28]. It thus suffices to check that

py+E @ F

has universally bounded cohomology for any ¥ € QCoh(Y ). It must be bounded from above. To see it is
bounded below, write

Pr+8 @ F = py«(E @ py¥F)

by the projection formula. By assumption, & ® py ¥ has cohomology sheaves in a finite range because
is perfect. Since R has finite support Z — Y x X by Corollary 4.13, so does & ® py F . Therefore, py«
is t-exacton & ® py F . O

The above proposition shows that ®g is actually a 1-morphism in (Prf)<™ which is the (oo, 2)-
subcategory of Prf of dualizable objects and 1-morphisms whose adjoints are also morphisms. Thus, we
are in the setting of [BN19, §3.4], so there is a well-defined map

HH,.(X) — HH.(Y)

induced by the 1-morphism @, where for a stack Z, HH.(Z) := HH.(QCoh(Z)). In other words, @ is
a “domain wall” in the sense of §2. Constant loops are a map ¥ — LY, hence they induce a map

HH.(Y) = O(£Y) — O(Y).
By composing this with the induced map on Hochschild homologies above, we have thus obtained a map
HH.(X) — O(Y).

Moreover, this composition is equivariant with respect to the natural S!-actions (because each of the com-
posed maps is by [HSS17, Section 2.3]), so it descends to a map

HC,(X) — O(Y).

The next theorem shows that in the case of X = Spec A of finite presentation, this is the trace map of
[BKR13].

Theorem 4.17. Let X = Spec A be an affine scheme of finite presentation. Then R = ([L(A),)" as an
(A ® L(A),)-module. Moreover, the pair of functors it defines,

®g : QCoh(X) & QCoh(Quot'(;’n)f: (X)) : ok,
are precisely those defined by the domain wall (L(A4),)" in §2.2.
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Proof. Consider Quot™'(X) x X, which is isomorphic to Rep,,(4) x X by Theorem 3.7 and Proposition

Ox
4.8. By Proposition 4.14, we see immediately that as an [L(A),-module, R is free of rank n. We would now
like to show that the A-module structure is precisely the one arising from Lemma 2.4. For S = Spec B, an
S-point of Rep,, (A4) is precisely a map from QA ® B — Endp((s x idx)*R) = M, (B), where

(s xidy)*"R = A ® B Qr(a),04 (L(A),)" = B".
We claim that the maps
QA — M,(B)
are natural in B; hence, they give a map of [L(A),-algebras
QA ® L(A)y = My(L(A)n).

Indeed, this follows from naturality of the universal sheaf R with respect to pullback. The A-module
structure is then induced under A-mod = QA-mod. We next claim that this module structure is the
“universal representation” defined in the proof of Lemma 2.4. We observe that the Q A-action on the
restriction of R to Spec(B)-points of Rep, (A4) is the action of QA on M, (B) by construction, which is by
definition the same action as that in Lemma 2.4.

Lastly, we identify the functors defined by &R. The functor

QCoh(X) — QCoh(Rep, (A4))
sends an A-module M to
Pr(M) =M R4 (A ® B) Quep R
=M Q4 R.
The functor in the reverse direction (which is the right adjoint) sends an L (A4),-module N to
N @1y, R® = N ®r(a), Homp (4, (R, L(4)s) = N".

These are the functors identified in §2. O

5 The Shifted Symplectic Structure

For X a smooth classical quasi-projective scheme, we will show that there is a GL, action on ¥ =

Quot’é’s}fr (X) such that the quotient stack Y/ GL,, admits a natural shifted symplectic structure (see [Pan+11]

for what this means). In the case of X = Spec A with dim X = 2, this structure generalizes the 0-shifted
symplectic structure constructed on the GL,, character variety of a genus 1 surface by Goldman in [Gol84].

Proposition 5.1. The derived framed locus of the Quot scheme of points has a presentation

Quot’(X) = Coh?(X) xpaL, pt.

Ox
where Cohj(X) — B GL, classifies the pushforward of the universal family U to Cohg(X). In particular,
the projection

Quot'('p’?f:(X ) — Cohj(X)

is a GL,,-torsor.
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Proof. Let p : Cohg(X) x X — Cohg(X) be the projection, and denote V := p,U, where U is the
universal sheaf of Section 4.2. Note that p,U is perfect. In fact, we claim that 'V is locally free of rank
n. It suffices to show that given an S-point f : § — Cohg(X), f*V is locally free of rank n. The map
p is schematic quasi-compact; indeed, it is the base change of such a map. Thus, by [GR17, Chapter 3
Proposition 2.2.2], base change holds for the diagram

S x x 1% Cohg(X) x X

lps l”
s — 7+ coh(X)

This allows us to write

f*'V = ps*(f X ldx)*u

By construction of the universal family, f*'V is precisely the pushforward along pg. of the sheaf on S x X
classified by f, which we denote by &. At any geometric point s of S, f*V ® k(s) = I'(X;, &) = k(s)"
in degree 0, since &, has length n. Thus, the bundle V defines a map

Coh(X) — BGL,.

Since B GL, < Vect is a monomorphism in Stk and 'V factors through it, we immediately have an identi-
fication

Coh}(X) xpacr, pt = Cohl(X) Xyee Pt =: Quot’(’g’é(flr (X)
as desired. .

The stack Cohg(X) should be thought of as the analog of the (GL,) character stack when X is not
affine. Because

Cohg (X)) C Cohpyop(X)

is an open and closed substack, its inclusion into Cohy,, (X ) is formally étale. If X is furthermore smooth,
there is a map

Cohprop (X)) — Perfyop(X) = APerfyrop(X) Xapers(x) Perf(X),

which exists by [PS22, Corollary 2.19], and this map is formally étale because it is the base change of a
formally étale map by loc. cit. Thus, the composition

Cohg (X) — Perfyop(X)

is formally étale. By [BD18], when X is Gorenstein and Calabi-Yau of dimension d, the moduli stack of
perfect complexes with proper support has a natural (2 — d)-shifted symplectic structure. We have thus
nearly obtained the following.
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Theorem 5.2. Let X be a classical, smooth, quasi-projective scheme of dimension d equipped with a
trivialization of its canonical bundle Ox =~ Kx. Then the stack Cohgy(X) =~ Quot'(’g’g(X )/ GL, has a

natural (2 — d)-shifted symplectic structure.
Proof. Denote the symplectic structure on Perf,,,(X) by w, and let
S+ Cohg(X) — Perfop(X)

be the map constructed above. Note that f*w is a closed 2-form of degree 2 — d on Cohg (X ), and we need
only show that it is nondegenerate. By nondegeneracy of w, the induced map

Tperty,(x) — |]-Perfpmp(X )[2 —d]

is an isomorphism. By the above, f is formally étale. Since the relative cotangent complex of a formally
étale map vanishes, we find that

Teont(x) = f ™ Trertyop(X)
and
Leong () = ™ Lbertypey(X)-
Thus, the map
Teonz (x) = Leont(x)[2 — d]

induced by f*w is an isomorphism as well. [

A Comparison with Existing Constructions

A.1 Quot Schemes

Recall the construction of [Adh22, Definition 3.3], denoted by Quotg‘ggl(X ), where X is a nonsingular quasi-

projective scheme. For such X, define an open subfunctor of this scheme, Quotg‘z,(h’"’fr(X ) C Quotg‘)};(X ),

whose S-points are length n quotients
Oxys — &
for which the adjoint map, under the adjunction
Homy xs (O s, &) = Homg(OF, ps«&),
where ps : X x § — § is the projection, is an isomorphism.
Proposition A.1. Let X be a smooth quasi-projective scheme. Then
Quot’é’)n(ﬁ(X ) =~ Quotg‘}(h’"’fr(X ).
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Proof. Let & € Cohg(X)(S), for S a test affine. By definition, an S-point of Adhikari’s Quot scheme
consists of a morphism

q:(g)réxS_)g’

where H®(q) is surjective and & is perfect, is flat over S, has proper support over S, and has geometric
fibers of length n. We will construct a map

Y = Quot'(’g’;,(fr(X ) — Quotg‘;,j”"’fr(X ).

Recall the universal representation R of Section 4.2, which is an almost perfect complex with proper
support on X x Y (Lemma 4.12). It is equipped with a universal framing

ag Oy — pyr«R,

where py : X x Y — Y. Consider the sheaf morphism g% on X x Y given by the composition

PyoR

qR : Oy — p;py*fR N R,

where ¢ is the counit of the adjunction (p}, py«). We next claim that H’(gg) is surjective. Denoting
C = coker(H%(gg)), it is sufficient to show that the restriction of C to every geometric point is 0, by
Nakayama and the fact that C is of finite type. Thus, let (x, y) be a geometric point of X x Y, and set
K = k(y) and 2 = k(x,y). Let R, denote the restriction of R to X,. The scheme theoretic support of
R, is a finite scheme Spec B over Spec K. Thus, we see that

~

Ry =i M,

where i : SpecB — X, and M = rZz.M) =~ rx ,Ry). Supposing that (x, y) is in the support
(otherwise the fiber is 0), we obtain a map B — £2; hence,

HO(JR(X,y)) ~ 2 Qp M.

In particular, the restriction of H’(gg) to (x, y) is a map

n.Q®KOty
£2 —)Q@KM—>Q®BM,

where
a, K" S I'(X,. R,)

The first arrow in the composition is an isomorphism, and the second arrow is surjective. Indeed, the base

change over B is obtained from the base change over K by imposing additional relations. Thus, we see that

by the representing property of Quot’é‘}(h (X), we have defined a map

f:Y - Quotg‘g‘(X).

33



Since the adjoint of the map g is an equivalence

OF = praR,

we see that f factors through the open subfunctor U := Quot@?’"’fr(X ) C Quotg‘};‘(X ). Going through the

same procedure, one can define an inverse by using the universal quotient
. n
qu : Oyy — &,

where & is the universal family on X x U, defined in the same procedure as was used to define R. The
adjoint to gy is

n * PU=xq
Op = puspy0f —— puE:
by definition of gy, this is an equivalence. Hence, we have a well-defined map

g:U—-Y.

It is easy to see that f and g are mutually inverse. [

A.2 Goldman Symplectic Structure

lle

Throughout this section, k = C. Let X be a genus 1 oriented, closed surface, so that A = k[m(X)]
O(G2). Let X = Spec 4, and equip X with the Calabi-Yau structure determined by

d d
_dx dy
X y

0

where A = k[x*!, y*'] and x, y € m;(X) with intersection number x - y = 1. We will show that the
symplectic structure defined by Theorem 5.2 on Cohg (X ) induces the Goldman Poisson structure on the
classical character variety.

Proposition A.2. Let X = Spec A equipped with the Calabi-Yau structure 6. Restriction of the sym-
plectic form w defined by Theorem 5.2 to Cohj(X)! induces a Poisson bracket on the character variety
Hom(m;(X), GL,) / GL,, which is Goldman’s Poisson bracket for the pairing

B :gl, xgl, »>C
U, V) =»uUV).

Proof. By [BD19, Proposition 5.3], the Hochschild class which is defined by the fundamental class of
X, itself defined by the chosen orientation, is given by u.[X] € Ho(£X,C), where u : ¥ — £X is
the constant loop inclusion of X into its free loop space £X¥ := Map(S!, X). As is well known, the
homology of the free loop space is the Hochschild homology of X; hence, u.[X] is represented by a class
inHy(£X,C) = HH,(A4) = HH,(QCoh(X)). Now, for any group G, there is a map from the bar complex
of G to Hochschild chains of C[G] given by

[g17""gm] l_>(g1"'gm)_l®gl ®®gmv
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and this is the map which models u,. Thus, taking G = 71 (X) and the class [x, y] — [y, x], it is sent to
'R x®y—-(x)) '@y

Under normalized Hochschild-Kostant-Rosenberg (HKR), which sends

1
g0 ® g1 Vgt ngdgl A dg,

this class gets sent to d Inx A dIny = 6. Moreover, by [BD19, Lemma 5.10], it has a unique negative
cyclic lift as HH;(X) = 0 for i > 2 (by e.g. HKR). Thus, the Calabi-Yau structure determined by the
orientation of X' agrees with the structure determined by 6. Furthermore, by [BD18, Theorem 5.5], this
Calabi-Yau class induces the symplectic form w. Now, we need only apply [BCS24, Lemma 3.7] restricted
to local systems of rank n vector bundles in degree O to obtain that w is the pullback along the equivalence
([BRY19, Corollary A.1])

Coh?(X) = Map(Z, B GL,)

of the symplectic form of [Pan+11, Theorem 2.5], where Xp is the constant (“Betti”) stack with value X'
Finally, this latter symplectic form is known to recover the Goldman bracket [Pan+11, Section 3.1]. [
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